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Abstract— The purpose of this paper is to investigate the SIR epidemic model with 

nonlinear incidence rate in fuzzy environment. The methodology proposes to assess the 

spread of infection through statistics for the state of Tamil Nadu COVID outbreak. Also, 

the researcher evaluated the stability of the model and stated that the model for disease-

free equilibrium is stable. 
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1. INTRODUCTION 
 

Epidemic models have started to explore the part of disease infection and treatment function in 
their dynamic equations [10]. Barros et al, Bassanezi and Barros have suggested a new 
approach to the treatment of an outbreak model using fuzzy parameters in differential 
equations describing the dynamical system [4]. The recent fuzzy parameter analysis conducted 
in [6, 7, 10] identified the interval valued parameter set in a prey-predator model harvested 
and an epidemic model with fuzzy parameters studied for the computer network. The complex 
behaviour of an epidemic model with fuzzy transmission has recently been studied by Mondal 
et al [8] and The Fuzzy epidemic model for influenza virus spread and its potential control was 
studied by Verma et al. [11]. 
The major objectives of this paper are as follows:  

 Develop the SIR Epidemic model with nonlinear incidence rate with uncertain 
parameters β,b,μ.  

 Examine the proposed model and exhibit the existence and stability analysis. The 
model was interpreted based on secondary data collected on the official website of the 
Tamil Nadu Ministry of Health.  

 Finally, the spread of infection with fuzzy parameters were analysed by the result, and 
the paper ends with conclusions and references. 
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2. METHODOLOGY 

A. SIR Epidemic Model 
The outbreak and spread of disease are questioned and studied for many years. The ability to 
make disease predictions will allow scientists to test inoculation, and many of them have a 
huge impact on the morality rate of a specific epidemic. Infectious disease modeling is a 
technique that has been used to research the processes by which disease spreads, forecast the 
likely path of an outbreak, and test infection management strategies.  
These three compartments S (for susceptible), I (for infectious) and R are the normal 
conversion marks (for recovered). This model is called the SIR model. 
𝑑𝑆

𝑑𝑡
= 𝛼𝑆𝐼 + 𝑘𝑁 

𝑑𝐼

𝑑𝑡
= εI − 𝛼𝑆𝐼 

𝑑𝑅

𝑑𝑡
= −ε𝐼  

For many infectious diseases like Cancer, Measles, Mumps, Rubella and Cholera the model 
can be applied. The letters also represent the number of people in each compartment at a 
particular time. To indicate the number might vary over time (each if the total population size 
remains constant). We make the precise numbers a function of t (time): S(t),I(t),R(t). These 
functions can be worked out for a particular disease in a specific population in order to 
anticipate potential breaks and keep them under control. The incident rate is the number of 
new cases in a given period of time per population at risk. Different incidence rates have been 
suggested by several scholars. Nidhi et al [9] have investigated an epidemic model with 
nonlinear incidence rate. To control the spread of infection, the rate and nature of incidence 
play an important role. 

B. Conditions for Stability 
The stability analysis procedure requires the proposed model to meet the following conditions. 

i. If the Eigenvalues have all real parts less than zero, then the model is stable. 
ii. If the Eigenvalues have all real parts greater than zero, then the model is unstable. 

iii. If at least one of the Eigenvalues has real part equal to zero, then no conclusion can be 
made. This is a borderline case between stability and instability. 

C. Pentagonal Fuzzy Number 
A pentagonal fuzzy number, which represented with five points as follows,  

𝐴 = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5), 𝑎𝑖 ∈ 𝑅, This representation is interpreted as membership function 𝜇𝐴 
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Fig. 1. Pentagonal Fuzzy Number  

D. Defuzzification 

Since technical processes require clear control actions, a procedure which generates net 

values from one or several given fuzzy numbers [15]. 

Graded Mean Integration representation 

Chen and Hseih [11, 12, 13] propose graded mean integration representation for representing 

generalized fuzzy number. 

If the generalized fuzzy number 𝐴 = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5: 𝑤),  then the graded mean h-level 

is 
ℎ[𝐿−1(ℎ)+𝑅−1(ℎ)]

2
. Where 𝐿−1 and 𝑅−1 are inverse functions of 𝐿 and 𝑅.  

And, the defuzzified value of the Fuzzy number 𝐴  by the graded mean integration 

representation ℜ(𝐴) is defined as [14].  

ℜ(𝐴) =
∫ [

𝐿−1(ℎ) + 𝑅−1(ℎ)
2 ]

ℎ

0
𝑑ℎ

∫ ℎ
𝑤

0
𝑑ℎ

 

Where ℎ ∈ (0, 𝑤), and 0 < 𝑤 ≤ 1.[14] 

If 𝐴 = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5) is a pentagonal fuzzy number. Chen and Hsieh [11, 12, 13] have 

already found the general formulae of the representation of generalized pentagonal fuzzy 

number as follows: [14] 

ℜ(𝐴) =
𝑎1 + 4𝑎2 + 2𝑎3 + 4𝑎4 + 𝑎5

6
 

For this study, the researcher used Graded Mean Integration representation method for 

defuzzification. 

 

3. PROPOSED MODEL 

In the SIR model, it has been described that the dynamics of directly transmitted disease with 

interaction between susceptible and infected individuals in the absence of vital dynamics (i.e., 

the rates of birth and mortality are not considered). In this section, we propose a fuzzy SIR 

model. Following is the system of differential equations describing the proposed model. The 

uncertain parameters are 𝛽, 𝑏̃, 𝜇 ̃. 
The following nonlinear fuzzy system is proposed for the study. 
𝑑𝑆

𝑑𝑡
= 𝐴 − 𝛽𝑆 −

𝑎𝜆𝑆𝐼

1 + 𝛼𝐼
+ 𝜇𝑅 

𝑑𝐼

𝑑𝑡
=

𝑎𝜆𝑆𝐼

1 + 𝛼𝐼
− (𝛽 + 𝑏̃)𝐼 

𝑑𝑅

𝑑𝑡
= 𝑏̃𝐼 − (𝜇 + 𝛽)𝑅  

where 
TABLE I.  INDEX OF PARAMETERS 
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Variables Description 

S(t) Susceptible rate at time t 
I(t) Infected rate at time t 
R(t) Recovered rate at time t 
A Recruitment rate 

𝛽  Uncertain Natural Death rate 

𝑏̃  Uncertain Death rate due to disease 

𝜇  Uncertain Recovery rate 

𝛼  Hospital bed density 

𝑎  Literacy rate 

𝜆  Proportionality Constant 

 

The above system has a disease-free equilibrium at the point (
𝐴

𝛽̃
, 0,0). 

By resolving the system, the following values are obtained. 

𝑆 =
(𝛽 + 𝜇)(1 + 𝑎𝐼)

𝑎𝜆
                               

𝐼 =
(𝛽 + 𝜇)[𝛽̃(𝛽̃ + 𝑏̃) − 𝐴𝑎𝜆]

𝑎𝜆𝜇 + (𝛽 + 𝜇)(𝛽̃ + 𝑏̃)(𝑎𝜆 − 𝛼𝛽)

𝑅 =
𝑏𝐼

𝜇 + 𝛽
                                                   

       

}
  
 

  
 

     … (1) 

 

4. STABILITY ANALYSIS FOR DISEASE FREE EQUILIBRIUM 

To test the stability of the disease's free equilibrium, frame the Jacobean matrix. 

Let us see 

𝐽(𝐸0) =

[
 
 
 
 
 −𝛽̃ −

𝑎𝛼𝜆

𝛽
𝜇 ̃

0
𝑎𝛼𝜆

𝛽
− (𝛽 + 𝑏̃) 0

0 𝑏̃ −(𝛽 + 𝜇)]
 
 
 
 
 

 

The characteristic equation of the system as follows. 

𝑥3 + 𝑐1𝑥
2 + 𝑐2𝑥 + 𝑐3 = 0 

Where, the Eigenvalues written as 

𝑐1 = 3𝛽 + 𝑏̃ + 𝜇 −
𝑎𝛼𝜆

𝛽
 

𝑐2 = 𝛽(𝛽 + 𝜇) − (2𝛽 + 𝜇)(
𝑎𝛼𝜆

𝛽
− (𝛽 + 𝑏̃)) 

𝑐3 = 𝛽(𝛽 + 𝜇) [
𝑎𝛼𝜆

𝛽
− (𝛽 + 𝑏̃)]  

Using the collected crisp parameters in the Eigenvalues, we fix 
𝑐1 = −0.37274 
𝑐2 = −2.48387 + 𝑖1.47103 
𝑐2 = −2.48387 − 𝑖1.47103   
Here we can state that, all the Eigenvalues have the negative real root. Therefore, the 
proposed model is stable for the parameters gathered. 
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CASE STUDY 

This paper discusses the issue of calibrating the epidemiological parameters of an SIR model 

describing the evolution over time of the current COVID-19 pandemic. The collected 

secondary data was given below, 
TABLE II.  PARAMETERS COLLECTED FROM TAMIL NADU MINISTRY OF HEALTH WEB 

Variables Description Values 

A Recruitment rate 2.4 × 10−5 

𝛽 Natural Death rate 0.72 – 0.81 

𝑏̃ Death rate due to disease 0.035 – 0.0434 

𝜇 Recovery rate 0.292 – 0.582 

𝛼 Hospital bed density 0.3244 

𝑎 Literacy rate 0.803 

𝜆 Proportionality Constant 10 

 
We know that the natural mortality rate and the natural recovery rate changed because of the 
seasons. Disease-related death is also uncertain. Therefore, the parameters 𝛽, b, 𝜇 are 
considered as fuzzy ranges [𝛽= (0.72 – 0.81), b= (0.035 – 0.0434), 𝜇= (0.292 – 0.82)]. Based 
on these intervals, we can generate the Pentagonal fuzzy numbers. 
Thus, the parameters are as follows. 

𝛽=(0.72,0.74,0.7661,0.78,0.81) 

𝑏̃=(0.035,0.037,0.0392,0.041,0.0434) 
𝜇=(0.292,0.35,0.437,0.582,0.582)   
And all the other parameters are crisp, so that we can proceed and find the values of S, I and R 
using (1), we obtain. 
S=(0.1287,0.13867,0.1472,0.1629,0.17724) 
I=(0.06624,0.06659,0.06716,0.06724,0.06912)   
R=(0.00229,0.00226,0.002188,0.002154,0.002153)   
We need to defuzzify the fuzzy numbers into crisp values for more outcome analysis.   
Using the proposed way of defuzzification, we obtain. 
S=0.3011,I=0.13416,R=0.0044125  
Thus, the rate of the susceptible population is 0.3011. The infected population rate is 0.1341. 
The rate of recovered population is 0.0044125. 
 

5. CONCLUSION 

The SIR epidemic model has been investigated and analyzed for stability in this article. It 

concludes that it is stable in the model. Also, in the proposed model, the COVID outbreaks of 

the Tamil Nadu state were interpreted, and the result shows that the spread of infection in the 

model is comparable to the results. In order to monitor the spread of infection, we should do 

the next process in the proposed model. 
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