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1. INTRODUCTION

In 1965, Zadeh [18] introduced the idea of fuzzy sets, kicking off a new revolutionary field in
mathematics. Gahler [9] presented the principle of the 2-norm on a linear space. Katsaras [10]
introduced the concept of a fuzzy norm on a linear space in 1984. Chen & Mordeson [2], Bag
& Samanta [1], and others have provided several definitions of fuzzy normed spaces.In
defining 2-fuzzy normed linear space, Somasundaram & Thangaraj Beaula [15] established
the notion of fuzzy 2- normed linear space (F(X),N), and Thangaraj Beaula & Gifta[17]
proved some standard results.

C.R.Diminnie, S.Gahler, and A.White [4] introduced the idea of 2-inner product
space. Further definitions of fuzzy inner product space [5,11,12] and fuzzy normed linear
space [6,7,8,10,13,14] were given by various writers. In [16], Vijayabalaji & Thilaigovindan
proposed fuzzy n-inner product space as a generalization of the n-inner product space
principle proposed by Y.J.Cho, M.Matic, and J.Pecaric in [3].

The definition of a 2-fuzzy 2-inner product space is introduced in this paper, as well
as the crisp norm a-2-norm corresponding to this inner product space. In 2-fuzzy 2-inner
product space, the parallelogram law and polarisation identity are also demonstrated.

2. PRELIMINARIES

Definition 2.1
A fuzzy set is defined asA = {x, ua(x): x € X}, with a membership function p, (x): X - [0,1],
where p4 (x) denotes the degree of membership of the element x to the set A.
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Definition 2.2
Let X be a non empty and F(X) be the set of all fuzzy sets in X. If f € F(X) then f =
{(x,un)/x € Xand u € (0,1]}. Clearly f is bounded function for [f(x)| < 1. Let K be the
space of real numbers then F(X) is a linear space over the field K where the addition and
scalar multiplication are defined by
frg={Ccw)+ @ m}={x+y),@wn/ (x.w € fand (y,n) € g}
and kf = {(kf, )/ (x,n) € f}
where k € K.
The linear space F(X) is said to be normed space if for every f € F(X) there is associated a
non-negative real number ||f|| called the norm of f in such a way,
@ Il = 0ifand onlyif f = 0.

For,

IfIl =0 {ICewll/ (x, 1) € f}=0

©ox=0pe0l]lef=0
@) k£l = 1EHIFN, k € K.

For,
lkfll = {IlkCe, N/ (e, i) f, k € K}
= {lklllx, ull/ Cx, 1) € f} = 1kllIfIl
@) lIf +gll <IIf Il +llgll for every £, g € F(X).

For,
If +gll = {llGew) + I/ xy € X u,n € (0,1]}
={lx+y), wAmll/xy €X,pn,n € (01]}
< {[Cep A+ I, e A/ x 1) € fand(y,n) € g}

=Nl +llgll
Then (F(X), ||. ) is a normed linear space.
Definition 2.3
A 2-fuzzy set on X is a fuzzy set on F(X).
Definition 2.4

Let F(X) be a linear space over the real field K. A fuzzy subset N of F(X) X F(X) X R(R,
the set of real numbers) is called a 2-fuzzy 2-norm on X  (or fuzzy 2-norm on F (X)) if and
only if,

(N1) forall t € R with t <0, N(f3, fo,t) = 0.

(N2) forall t € R witht = 0, N(fy, f>,t) = 1 ifand only if f; and f, are linearly dependent.
(N3) N(f1, f>, t) is invariant under any permutation of f3, f5.

(N&)for all t € R, with t=> 0, N(f;, cf2,t) = N(f1, fo, t/|cl) if ¢ # 0, c € K (field).

(N5) forall s,t € R, N(fy, f> + f3.s +t) = min {N(f1, f2,5), N (fi, f3,t)}.

(N6) N(f1, f2,.): (0,00) — [0, 1]is continuous.

(N7) lim N(fy, f2,0) = 1.

Then (F(X),N) is a fuzzy 2-normed linear space or (X,N) is a 2-fuzzy 2-normed linear space.
Definition 2.5

A sequence {f,} in a 2-fuzzy normed linear space (F(X),N) is said to be a convergent
sequence if for a given t > 0 and 0<r< 1 there exist a positive number no € N such that
N(f,—f,g,t) >1—rfor g € F(X) and for every n > n,.

Definition2.6

A sequence {f,,} is said to be a Cauchy sequence in a 2-fuzzy normed linear space F(X)
if for agivenr >0 with 0 <r<1,t>0 there exist a positive number no such that

N(f, — fmog,t) > 1 —rforg € F(X) and for every n, m = no.
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Definition 2.7
A 2-fuzzy 2-normed linear space (X,N) is said to be complete if every Cauchy sequence in X
converge to some point in X.

3. 2-Fuzzy 2-INNER PRODUCT SPACE

Definition 3.1

Let F(X) be a linear space over the complex field C. Define a fuzzy subset u as a mapping
from F(X) X F(X) x F(X) x C - [0,1] such that f; € F(X) and a4, a, € C satisfying the
following conditions

(1) For f,g,he F(X)ands,t € C

u(f + g,k fo, ltl + Is]) = min{u(f, h, f1, 1D, u(g, h, f1, IsD}.

(I,) Fors,t € C, u(f,g,h, |st]) =

min{u(f, f, h, Is|*), u(g, g, b, 1t1*)}.

(IFort € C u(f, g, h1t]) = ulg, f, h, ItD.

(1) For ay,a, € Cwith ay # 0,a, # 0,

plaif,az9,ht) = p (f,g, h, 4)

layas|

(Is) u(f.f,h,t) =0Vt € C/RY
u(f, f,h,t) =1V t > 0if and only if f, h are linearly dependent.
(Ie)u(f, g, h, t) is invariant under any permutation.
UV t>0, ulf.f,ht) =pulg,g.ht)
(Ig) u(f, g, h, t) is monotonic non-decreasing function of C and }Lrg u(f,g, ht)=1.
Then u is said to be the 2-fuzzy 2-inner product on F(X) and the pair (F(X), n) is called 2-
fuzzy 2-inner product space.

Example 3.2
Consider the mapping f: 5% — [0,1] where S? is an 2-dimensional unit sphere defined
as f(xy,x) = |1 — (x? + x2)| define an 2-dimensional inner product as
_ _[f-g f-h
(f.g,h) = det(A), where A = [h_g o

Where f. g represents the usual inner product between two functions with

f.9= [ r@gtodx

where x = (xq,x3)
Then (F(X),(.,.)) is an 2-inner product space.
By considering

t
S — whent >0
,u(f:g:h:t)= t+<f;g;h:t)
0 whent € C/R*
The space (F(X), u) is a 2-fuzzy 2-inner product space

Proof :

(I;) Forf,g,he F(X)ands,t € C

o u(f + 9,k fo, tl + IsD) = min{u(f, h, f1, €D, u(g, h, f1, Is])}
@s+t<0,

(b)s=t=0;s>0,t<0(or)s<0,t>0,

C©)s+t>0;s,t=0

The proof is obvious.
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Consider
(d)s>0,t>0,s+t>0
Without loss of generality assume

.u(f' h'fltf Itl) = ,u(g, h'gl' ISD

TR AR,
N t+ (f)h)fl) > s+ (glh'f1>

t - S
- 1+<f'}tl;f1) > 1+<g'}:f1>
:><f»};’f1) 2<g’h:f1>
:S(f’h»fﬂ

t

o g+ A

> (1+2) (R ) 2 (FhF)+ (0. h fo)

) f) 2 gk f)

:>(f,h'f1>2(f,g'h'f1)
t s+t
N 1+(flhlf1) > 1+(frgrh'f1>

t s+t
=>t+(f:h:f1)25+t+(f,g;h;f1>
t s+t

= (g, h f1)

o

t s+t
T AR = S
= :u(f + g: hrfll |t| + |S|) 2 mln{,u(f, hlfll Itl)lﬂ(gl hlfl’ |S|)}
(I) For s, t € C,
u(f, g, h, Istl) = min{u(f, £, h, Is|1*), u(g, g, h, [t1*)}
Without loss of generality u(f, f, h, |t]), u(g, g, h, |s|)
t

S

T AR st g fuh)
Lt AR s +g.g fuh)

t s
= 1+<f’f—’h)2 1+(g'g'flrh)

t N
<f;flh) <g;g;f1;h)
= >
t S

Jf,h
SSLR S g h)

t
)] Ph' ) ;h
$S<ff )t<ff )2 (g;g;fl;h>-<f:f;h>

Using,

K, g, M| < V{f. f 1) .N/(g.g.h)
|(F, f, D s/O| = (f, f, h)?

= (f,h f1) + (g9, h f1)

[1AS
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2
(.. = L0
(LSS (g 2

_ _ t? st
Taking square root on both sides

- (f'flh) > (f)g'fllh)

=1+ =

Vst

t Vst
(f,];,h) 1+(f,g,f1,h>

:>t+(f,f;h)2\/§+<fﬂg'f1'h>

t Vst
Vst

= ‘ =
t+{f.f,h) st +{f, g, fih)
= u(f, g, h |st]) = min{u(f, f, h, |s?),u(g, g, b, [t|*)}

(I3) For € C, u(f, g, h It]) = u(g, f, b, It])

u(f,g,h1t)) =
t

T t+(g.f.h)

=u(g, f, htD)
(1) For ay,a, € Cwith a; # 0,a, # 0,

t
a ;a lhlt = ( ) Ihl—
,Ll( lf 29 ) u fg |a1a2|

t

b
t+{f,g.h

ulaif,azg,h,t) =

Bl t+ |a1.0!2|(f,g, h)
t/lay. asl

- t/|ay.a,|{f, g, h)
t
=u(f fohi—)

)
|y ay|

U u(f,f,h,t) =0V t€C/R*
u(f, f,h,t) =1V t > 0if and only if f, h are linearly dependent.

When t € C/R* by definition u(f,f,h,t) =0
Whent > 0, u(f,f, ht) =1
t
NS
S (f.f,h)=0
& f, hare linearly dependent.
(Ig)u(f, g, h, t) is invariant under any permutation.

tt + (alfr aZQ' h)

[1AS

u(f,g,h,t) is invariant under any permutation as (f,g,h) is invariant under any

permutation.
(I)H)V t >0,

u(f.f, ht) = u(g, g, ht)
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ll(f'f»h»t)=m
t

1

B t + (g;g;fph) -
=ulg,g.ht)
(Ig) u(f, g, h, t) is monotonic non-decreasing function of C and tlim u(f,g,ht) =1.
Ift, <t, <0,
u(f, g, hty) = pu(f,g,ht;) =0

ty t1

t, +(f,g.h) t, +{f,gh)
(f'g'h) (tz_t1) >0

MDA

ty ty

= =
t2+(f,g,h) t1+(f'g'h)
= ,u(f,g, h, tz) 2 M(f, g' h' tl)
Thus u(f, g, h, t) is a non-decreasing function.

. i t
Also tILrg u(f, g, ht) = th—>n;) t+(f.f,h)

Therefore, (F(X), u) is a 2-fuzzy 2-inner product space.

Definition 3.3

Let (F(X),u) be a 2-fuzzy 2-inner product space satisfying the condition u(f, g, h,t?) > 0
when t > 0 implies that f. g are linearly dependent. Then alla € (0,1). Define, ||f, hll, =
inf{t: u(f, f, h, t?) = a} acrisp norm on F(X) called the a-2-norm on F(X) generated by p.
Theorem 3.4

Let u be a a-fuzzy 2-inner product on F(X). Then a fuzzy subset N defined as N: F(X) X
R — [0,1] given by

Assumet, >t; >t >0

For all (f, g, h) € F(X)

_(u(f,f,h,t>) whent€R,t>0
N(f'h't)_{ 0 whent ER,t <0
Proof:
(N;) From definition of a-fuzzy 2-inner product space by condition (I5) it implies that
u(f,f,h,t?) =0forallt € C/Rt andso N(f,h,t) =0forallt € R,t < 0.
(Ny) From (I5) for all t > 0, u(f,f,h,t?) =1 if f,h are linearly dependent therefore it
follows that N(f, h,t) = 1 if f is linearly dependent
(N3)N(f,h,t) is invariant under any permutation of f since u is invariant under any
permutation.
(Ny) Forallt >0andc #0

N(cf,h,t) = u(cf,cf,h,t?)
u(focf h2)
u(f.105)
u

[cl

t
(ef.h75)
(Ns) To prove that
N(f+g,h,s+t) =>min{N(f, h,s),N(g, h,t)}foreverys,t € Rand f,g € F(X)
Following three cases arise
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. s+t<0
. s=t=0,5s>0,t<00rs<0,t>0
M. s+t>0, s5t=0
To prove (iii)
Consider
Nf+ghs+t)=ulf+9.f+9h(s+t)?)
=u(f+gf+g hs?+t?+2st)
> u(f,f hs®) A u(g, g, ht?>) A u(f, g, h st)
> u(f, f b s®) A (g, g, ht?)
= N(f,h,s) + N(g, h,t)
The proof of (i) and (ii) follows in a similar way.
(Ig) From (Ig)u(f, f, h, t) is a monotonic non-decreasing function and it also tends to 1 as
t = oo. Thus, N(f, h, t) is a monotonic non-decreasing function and it also tendsto 1 as t —
0,
Theorem 3.5 (Parallelogram Law)
Let u be a 2-fuzzy 2-inner product on F(X), for a € (0,1) then a- fuzzy 2-norm induced by
2-fuzzy 2-inner product satisfies
If = g, hlIZ + IIf + g, hllZ = 2IIf, hlIZ + llg, hIIZ)
Proof :
Consider
“f - th”g: + ”f + 9 h”(%t
=inf{t2: u(f —g,f — g, ht?) = a} +inf{s®:u(f + g, f + g, h,s%) = a}
=inf{t? +s%:u(f—g,.f —g ht?) =a,u(f+g,f + g, hs?) = a}
1)
Also,
2(If, RIIZ + g, RIIZ) = 2{inf {p? u(f, f, h, p?) = a}+ inf{a*u(g, 9, h, q*) = a}}

=2{p*+q* u(f. f, h,p*) = a,u(g,9,h, q*)u = a}
Now (1) becomes,
=u(f—9.f—g.hN2p)Au(f +9.f + 9, hV2q?)

> u(f, f, h,v*) Au(g, 9, h,q*)
~f =g, hllg +If + g kIl < 2(lIf, kG + g, kG (2
Consider
Z(Hf,hH§4-Hg,hH§)= ,

(f+g,h)+(f-g.h) (g+f.n)+(g—f.h)
s Bl e
< i{llf +g,hllz+IIf —g.hllz+ g+ £ Rz +Ilg—f, hl5}
<\f +ghllz+IIf —g Rl
~2(ILF, hllg + g, hlIZ) < |If —g,hllg + 1If + g, hIl3
(3)
From (2) and (3),
If — g, hlla +IIf +9,hll% =20f, kI3 + llg, RIl3)

Theorem 3.6 (Polarization Identity)
If £, g and h are elements in F(X). Then

4inf{st:u(f, g, h,st) = a} ={lIf + g, hllz — If — g, Rl +illf +ig, RllZ —
ilf —ig hliZ}
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Proof :

Consider

{f + g hll% = If — g, RlIG +illf +ig kg —illf —ig hllZ}

=inf{t?: u(f +g,f + g, ht?) = a}

_inf{t%: ,Ll(f - g'f -9 h' t%) = a}

+iinf{t2: u(f +ig,f +ig, h,t3) > a}

—tinf{ti:u(f —ig,f —ig ht§) = a}

Where
t2 =t + 1ty + 1"ty + ¢ ?
t3 =t + ety + )ty + )2
t5 =t + 5ty + 5ty + )2
t; =t ety +ty ey + V2

= inf{t;*: u(f, f, h, %) = a}

+infl{ey'ty": u(f, g, h t1'ty") = a}

+inf{t;"t/" u(g, . h t1'ty) = a}

+inf{t; *:u(g, g, h t1"?) = a}

—inf{t;>: u(f, f, b t3?) = a}

+inflty 3" u(f, g, h t5t5") = a}

+inf {655 1, £, 1 5'5) = )

—inf{t;"*: u(g, g, h, ;" %) = a}

+ifinf{ti: u(f, f, b, t}?) = a}}

+ifinf{ey e u(f,ig b, t5't}") = a}}

+ifinf{ty'ty: u(ig, f, b t5't5) = a3}

+ifinf{el % u(ig,ig, bty ?) = a}}

—ifinf{ts: u(f, f, h t?) = a}}

+i{inf{t[}’t[,”: u(f,ig, htity") = a}}

+ifinf (65"t} u(ig, f,h,t't}) 2 a}}

—ifinf{tl¥ % u(ig,ig, h,ty ?) = a}}

Here,

t2 =2 =2 = ]2 = ¢2
'ty =ttty =ttty =t)t) = st
ty'ty =ttty =t3'ty =t)'ty =ts
tV2 = glVe — Ve — v - g2
= inf{st: u(f, g, h,st) = a} + inf{ts: u(g, f, h, ts) = a}

+i{inf{st: u(f,ig, h,st) > a:}}

+i{inf{ts: u(ig, f,h,ts) = a}}

= inf{4st: u(f, g, h,st) = a}

=4 inf{st: u(f, g, h,st) = a}

~Adinf{st:u(f, g, h,st) = a}

Theorem 3.7

1
If infist:u(f, g, hst) 2 a} = {llf + g hllg +1If — g, kg +illf +ig, hllZ

+illf — ig, hlI3}
then p isa 2-fuzzy 2-inner product on F(X).
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Proof :
(i)  u(f +g hltl+1Is]) =pul(f +9), hlt] +|sD
= min{u(f, h, [t]), u(g, h, |sD}
u(f + g, h [t + |s]) = min{u(f, h, |t]), u(g, h |sD}
(i)  Toprove u(f,g,h,|st]) =
min{u(f, f, h,1s1*),u(g, g, h, [t1*)}
u(f, g, h Ist]) = i{llf + g, hllz + IIf — g, hllG +illf +ig, Rz —illf —ig, hllZ}

4)
Consider
min{u(f, f, b, Is1?), u(g, g, h, 1t1*)}

1
= min{Z{IIerf,hlli +If = £, hllg +illf +if, RIIG
1
—ilf = if hlGY 7 Ulg + g, hllG + 1lg — g, hlla +illg + ig, hllz

—illg — ig,hllé}}

= min{i{inf{t ER:u(f+f,f+f ht)=a}
+inf{t € R:u(f +if,f +if, ht) = a}
+inf{t € R:u(f —if,f —if, ht) = a}}
+i{inf{t ER:u(g+g9,9+ght)=a}
+inf{t e R:u(g +ig,g +ig, h,t) = a}
+inf{t e R:u(g —ig,g —ig, h,t) = a}}}

= min{ {inf{t € R:u(f + f.f + f,h,t) = a}
tinf{t eR:u(f+f,f+f ht)=a}}
+§{inf{t ER:u(g+g9,9+ght)=a}

+inf{t ERipu(g+ 9,9+ g, ht) = al}}}
=2|If, hllZ + 2llg, hlIZ (5)
From (4) and (5),

u(f. g, b Ist]) = min{u(f, f, h, Is1*), n(g, g, h, 1t1*)}

) w(f,g.hlth = {If + g hllZ + lIf — g, hlIZ +illf + ig, hlIZ = illf — ig, hlI3}
=={llg + £, Rl + llg — £, hlIZ + illg + if hlIZ — illg — if , hlIZ}
= u(g, f, hltD)

(i) Toprove u(af,ag,hlth = u(f.g.h—)
ulaf,ag,h|t]) = i{lla(f+g),h||§ +llalf —g)hlle  + illa(f +ig), hllG — illa(f -
ig), hllz}
= ~{inf{t € R:p(a(f + g),a(f + 9),h,t) = a}
+inf{t € R:u(a(f — g),a(f — g), h,t) = a}

+inf{t € R:u(a(f +ig), a(f +ig), ht) = a}
+inf{t € R:p(a(f —ig),a(f —ig),h,t) = a}}

=i{inf{tER:u(f+g,f+g,h,#) Za}
+inf{teR:u(f—g,f—g,h,#) Za}
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+mf{tERu(f+Lgf+1g,, )>a}
+mf{tER.u(f—Lg,f—Lg, Hz)z

a
Sothat u(af,ag, h,|t]) =u (f,g, Ialz)
@iii) u(f,f,h,t)=0forall t € C/R*
(iv) wulf.fht)=1
= |If + g,hllZ + If — g, hllG +illf +ig,hllZ —illf —ig Rl =
= |If. f,hllz =
(i,e) f, g, hare Imearly dependent.
v)  u(f,f,ht):R - 1(=[0,1])is a monotonic non-decreasing function of R and
limu(f,f,t) = 1ast — oo, u satisfies all the requirements and hence u is a 2-
fuzzy 2-inner product on F (X).
Theorem 3.8
Let (F(X), ) be a 2-fuzzy 2-inner product satisfying the condition that,u(f, f, h,t?) > 0
when t > Oimplies f = 0. Then for all « € (0,1], ||f, hll, = inf{t: u(f, f, h,t?) = a} is a
ascending family of real numbers, the 2-norm on F(X). These 2-norm are called the a- 2-
norms on F(X) corresponding to 2-fuzzy 2-inner products.
Proof :
(i) If,hlla =0
= inf{t: u(f, f,h,t?) > a} =0
=forall t € R, witht > 0, u(f,f,h,t?) > a >0
=f=0
Conversely assume that f, h are linearly dependent then
u(f,f,ht?) =1 forallt >0
implies that for all « € (0,1),inf{t: u(f, f, h,t?) = a} = 0.
Therefore, ||, hl[, =0
(ii) As u(f, f,h,t?) is invariant under any permutation it follows that ||f, ||, is
invariant under any permutation.
(iii) Forallaand 0 <p <1,
llcf, kil = inf(t: u(cf, cf h,t?) > a}

= il (1) = o

licf, hlle = inf{t|c|: u(cf,cf, h,s%) = a}
= |clinf{t: u(cf,cf, h,s*) = a}
= |cl|lf, hll4
v)  Nf,hlle + llg, hllg = inft: u(f, f, h, t*) = a} + inf{s: u(g, g, h, s*) = a}
= inf{t + s: u(f, f, h, t?) = a,u(g, g, h,s?) = a}
=inf{t +s:u(f +9,f + g, h,t*> + 5%) > a}

= |lf + g, hll,
Hence ||f + g,hlle < lIf, hlle + g, Rll,
Thus {||.,. ||, @ € (0,1)}isa a-2-normon F(X).
Let0 < a; < a, < 1, then
If, hllq, = inf(t: u(f, f, h, t?) = a;}
If, hlle, = inft: u(f, f, h, t*) = a,}

Lets = ﬂ then
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Asa; < ay,
inf{t: u(f, f, h,t?) = ay} D inf{t: u(f, f, h, t2) = a,}
= inf{t: u(f, f, h, t?) = a,} = inf{t: u(f, f, h, t*) = a;}
= |If, hlle, = lIf, hllq,
Therefore {||.,. ||, @ € (0,1)} is an ascending family of  a- 2- norms on F(X).
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