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Abstract— A Fuzzy Soft Dominator Colouring of a fuzzy soft graph GS(T,V) is an
appropriate fuzzy soft colouring such that every single vertex of GS(T,V) dominate entire
vertex of a colour group. In this paper, we initiate fuzzy soft dominator colouring on
middle, subdivision and total fuzzy soft graphs of fuzzy soft path and fuzzy soft cycle and its
fuzzy dominator chromatic numbers are determined.
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1. INTRODUCTION

Rosenfeld described fuzzy analogue of some graph theoretical notions in 1975. Fuzzy set was
introduced by Zadeh [19] whose vital component is only a membership function. The
overview of Zadeh’s fuzzy set, called soft set was proposed by Molodtsov [14] in 1999, to
solve unclear problems from the view point of parameters. Maji, P.K.,, Roy, AR.,
Biswas.R.[13] started the idea of fuzzy soft sets which is a combination of fuzzy set and soft
set and presented some applications of this concept to decision making problems. In 2016,
Akram and Nawaz [16] orginate the notations of fuzzy soft graphs. Akram and Zafar [17] put
forward the notions of fuzzy soft cycles, fuzzy soft bridge, fuzzy soft cut node, fuzzy soft
trees, and investigate some of their fundamental properties. They also studied some types of
arcs in fuzzy soft graphs.

In 2007, R.Gera [8] talk about the problem of Dominator coloring in Graphs and he found
bounds and characterizations of several classes of graphs. M.Chellalai and F.Maffray[4]
discussed about Dominator Colouring in some classes of Graphs. In 2015, R.Jahir Hussain
and K.S.Kanzul [10] came out with the idea on Fuzzy Dominator Colouring in Fuzzy Graphs
and found fuzzy dominator chromatic number for different fuzzy graphs and also examined
the bounds for the same. R.Jahir Hussain and S.Satham Hussain [12] studied Domination in
Fuzzy soft graphs in 2017.

Let G5(T,V) be a fuzzy soft graph. Let x and y be two nodes of GS(T,V). We say that vertex x
dominates y if (x,y) is a strong arc. A subset D of V is called a dominating set of G5(T,V) if
for every y €V-D, there exists €D such that x dominates y. A dominating set D in G5(T,V)
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is called a minimal dominating set if no proper subset of D is a dominating set. The minimum
number of nodes in any dominating set D of GS(T,V) is called its domination number and is
denoted by y4(G3(T,V )). A Fuzzy Soft Dominator Colouring of a fuzzy soft graph G3(T,V) is
an appropriate fuzzy soft colouring such that every single vertex of GS(T,V) dominate entire
vertex of a colour group. This paper addresses the study of fuzzy Dominator Chromatic
Number of Middle, Subdivision and Total Fuzzy Soft Graphs.

2. DEFINITIONS
A. Definition 1:

Let V = { X1, X2, X3,...Xn} IS @ non — empty set, R is a parameter set and T < R. Also let,

(i) a: T>F(V) (set of all fuzzy subsets in V)
e - a(e) = ae (say)

oe: V—[0,1]

(T,0) : Fuzzy Soft vertex

(1) B: T>F(VxV) (set of all fuzzy subsets in VxV)

e - B(e) = Pe (say)
Be: VXV — [0,1]
(T,B) : Fuzzy Soft egde

Then ((T,a), (T,B)) is called fuzzy soft graph if and only if Be (X,y) < 0e (X) A 0e (y) forall e €
T and this fuzzy soft graphs are symbolized by G3(T,V).

B. Definition 2:

The underlying crisp graph of a fuzzy soft graph G5(T,V) = ((T,0), (T,p)) is denoted by
GS(T,V) = (a*,p*) where a* = {XE V: ae(x) >0} for some e € T, p* = {x€ VxV: Be(X,y) >0},
forsomee € T.

c. Definition 3:

A Path of length ‘n’ in a fuzzy soft graph is a series of distinctive points X1, X, ..., Xn Such
that vV e € T and Be(xi-1,Xi) >0, Vi=1,2,3,....,n.

D. Definition 4:

A fuzzy soft graph G3(T,V) = ((T,), (T,B)) is called fuzzy soft cycle if it contain above one
lowest arc.

1. FuzzY SOFT DOMINATOR COLOURING ON FUZZY SOFT GRAPHS
A. Definition 5:

The strength of connectedness in a fuzzy soft graph G3(T,V) = ((T,a), (T,B)) between x and y
is defined as the maximum strength of all paths between x and y and is denoted by Be*(X,y), e
eT.

B. Definition 6:

An arc (x,y) in fuzzy soft graph G3(T,V) = ((T,a), (T,p) is said to be strong arc iff Be(X,y) =
Be*(X,y), e € T and X, y is said to be strong adjacent vertices (or) efficiently adjoining points.

c. Definition 7:

Two nodes of fuzzy soft graph GS(T,V) = ((T,a), (T,p)) are said to be fuzzy independent if,
they belong to the same colour group, means there is no strong arc between the two nodes.
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D. Definition 8:

A k — fuzzy soft vertex colouring of a fuzzy soft graph GS(T.V) = ((T,a), (T,p)) is an
allotment of k — colours, commonly mean as 1,2,....k to the vertices of G5(T,V). A fuzzy soft
vertex colouring is stated as proper colouring if two strong adjacent vertices receive distinct
colours.

E. Definition 9:

A fuzzy soft dominator colouring of a fuzzy soft graph G5(T,V) = ((T,a), (T,B)) is an
appropriate fuzzy soft colouring such that every single vertex of GS(T,V) dominate entire
vertex of a colour group.

F. Definition 10:

Fuzzy dominator chromatic number of a fuzzy soft graph G3(T,V) = ((T,a), (T,p)) is the least
number of colour groups in a fuzzy soft dominator colouring of G3(T,V) and it is denoted by
xia®(G3(T,V)), e € T.

3. FUZZY DOMINATOR CHROMATIC NUMBER OF MIDDLE FUZZY SOFT
GRAPHS

G. Definition 11:
Let GS(T,V) = ((T,), (T,B)) be a fuzzy soft graph with the underlying crisp graph G
= (a*,p*). Let G¥"= (V, E). The points and lines of G5(T,V) are taken collectively as node set
of the pair M(G3(T,V): (((T, a™), (T, B™)) where

aeM(x) = ai(X), if X EV,e €T
=Be(X),iIfXEE, €T
=0, otherwise.
BeM(ei, €)) = Be(ei) A Pe(g)), if &i, & € E and are adjacent in G>*, e € T
=0, otherwise.
BeM(xi, xj) =0,ifx,x;€V,e€T
BeM(xi, &) = Pi(gj) if xi €V anditliesontheedgegj€ E,e €T
=0, otherwise.

As o M is defined through the values of a ¢ and P e such that a ¢M: V U E — [0, 1] is a exact
fuzzy subset on V U E. Also B M is a fuzzy relation on a ™ and Be (X,y) = 0e (X) A ae (Y), for
every x,y € V U E. Hence the combination M(GS(T,V): (((T, a™), (T, B™)) is a fuzzy soft
graph called middle fuzzy soft graph of GS(T,V).

H.  Theorem 1:
If G5(T,V) be a fuzzy soft cycle of size ‘n’, then ytw*(M(G3(T,V)) = E]+2, eeT.

Proof:
Let G5(T,V) be a fuzzy soft cycle with ‘n’ points X1, X2, ..., Xn and ‘n’ lines €1, €2, ..., €n.

Establish the middle fuzzy soft graph of G3(T,V) with the points X1, Xz,..., Xn ,€1, €2,...,€n.
Then sketch an arc between 2 points of M(GS(T,V)) either if

(i) The points of M(GS(T,V)) are arcs of GS(T,V) (or)
(i) One of the point ‘X’ in vertex set and another node ‘e’ in edge set and x lies on e.
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(iii) The membership values are assigned to the points and lines by using the definition of
middle fuzzy soft graph.

Now colour the points of M(G3(T,V)) in which 2 efficiently adjoining points receive distinct

colours and every point of M(G3(T,V)) dominate one colour group. We have 2 cases W.r.t.

‘n’.

Case 1: If n is even, allot colour 1 to X1, X2,..., Xn, colour 2 to ez, es,..., en and the colours
n .

3.4,..., H + 210 ey, €3, .., en-1 correspondingly.

Case 2: If n is odd, add colour 1 to X1, X2, .., Xn, colour 2 to e, €a, ...,en3, eén-1and 3,4, ..., E]+

2 correspondingly.
From the above two cases, it is evident that the final colouring is a least fuzzy soft dominator
colouring of M(G3(T,V)) because each node in minimum dominating set meet with a unique

colour. As a result yt*(M(G5(T,V)) = E] +2,e€T.

I.  Theorem 2:
. . n, if n=2,3
If G>(T,V) be a fuzzy soft path of size ‘n’, then y#*(M(G>(T,V)) = { . e E
(V) y soft p KT =[] 4 5 i 2
T.
Proof:

Consider a fuzzy soft path G3(T,V) having ‘n’ points and n-1 strong lines.

Set up a middle fuzzy soft graph of G5(T,V) with 2n-1 points, each point is efficiently adjoin
to its neighbouring nodes.

Next we have to give a unique colour to the points of least dominating set to attain the least
fuzzy soft dominator colouring.

It is uncomplicated to prove that yt«*(M(G3(T,V)) = n, for n =2,3.

Consider the following cases for n > 4.
Case 1: n=0 (mod 2)
The least dominating set D = {e1, €s,...,en-1} in M(G3(T,V)) having % elements. The points xi,

X2,...Xn gain colour 1, ey, €a,...,en-2 gain colour 2 and e, es,...,en-1 are coloured by 3,4,..., g +2

correspondingly. Hence we get the proper fuzzy soft dominator colouring asE] +2,ifn>
4.

Case 2: n=1 (mod 2)

In this case, the least dominating set D is {e1, €s,... en-2,en-1} and it contains 2 elements. The
nodes X1, X2,...Xn gains colour 1, ez, es,...,en-3 gains colour 2 and ey, es,...,en1 are coloured by
3.4,..., % + 2 respectively. Hence we obtain the proper fuzzy soft dominator colouring as[%] +
2,if n > 4.

4. FUZZY DOMINATOR CHROMATIC NUMBER OF SUBDIVISION FUZZY SOFT
GRAPHS

J.  Definition 12:
Let G3(T,V) = ((T,0), (T.B)) be a fuzzy soft graph with the underlying crisp graph G5* =
(a*,p*). Then the pair SD(G3(T,V): (((T, a°P), (T, pP)) is a subdivision fuzzy soft graph of
GS(T,V), with vertex set V U E where
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o P(Xi)=oae(X), X EV,e€T
acP(e)=Pele),6iEE, €T
=0, otherwise

B SP(xi,6)) = ae(Xi) A o e(€i), if Xi € V, €i € E, e € T and xi lies on g;
=0, otherwise.

K. Theorem 3:

If Cn® be a fuzzy soft cycle of size n > 3, in that case xw*(SD((Cr%)) = [Z?n]+ 2,e€eT.

Proof:

Consider a fuzzy soft cycle Cy® of size n > 3 having ‘n’ points x1, X2,...,xn and ‘n’ arcs
€1,€2,...,en Which satisfies the condition Be(ei) = Be*(el), e € T.

To obtain the subdivision graph of fuzzy soft cycle, divide every arc in Cx® and we get 2n
points where each arc e;j is efficiently adjoin with x; and Xi+1. In view of the fact that,
(SD((Cr®)) contains 2n points and all that points are efficiently adjoin with two of its
neighbouring points.

This implies that (SD((Cx®)) is fuzzy soft cycle of size 2n.

“If G is a fuzzy cycle of length n, then xt(G) = E] for n=4 and x1(G) = E]-FZ forn>5”.110]
Hence we have x*(SD((Cr®)) = [Z?n]+ 2forn>3,e€T.

L. Theorem 4:
If Pn® be a fuzzy soft path of size ‘n’, then

F21+L#n=3
2n—1

3

xid®(SD((Pr®)) = ,e€eT.

|+2ifnz4

Proof:

Consider a fuzzy soft path Pr° having ‘n’ points and n-1 arcs.

Construct the subdivision graph of fuzzy soft path P,® by divide each edge & it form a new
point which is strong adjacent to its adjacent vertices.

The resulting graph is again a fuzzy soft path of 2n-1 points and 2n strong arcs.

“If G is a fuzzy graph such that G¥= (V,E) is a path of length n > 3 then y1(G) = 1+E], forn
:&4md5mdmw3:243JanGﬂm]
Hence we conclude from the above result that

2n—1 . B
Xi(SD((Pr) = {] T

3

,EET.

|+2ifn=4

5. FUZzZY DOMINATOR CHROMATIC NUMBER OF TOTAL FUZZY SOFT
GRAPHS

M. Definition 13:
Let GS(T,V) = ((T,a), (T.B)) be a fuzzy soft graph with the underlying crisp graph G5'=
(a*,p*). The pair T(GX(T,V)) = ((T, o), (T, BN)) of G3(T,V) is described as follows. The
vertex set of T(GS(T,V)) be V U E. The fuzzy subset a ¢'(X) is defined on V U E as
oe'(X)=ae(X),XEV,e €T
=Be(ei),6i €EE, e €T
The fuzzy relation on B ¢' is given as
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B e (Xi,Xj) = Pe(Xi,X)), if Xi,x; EV,e €T

B e(ei,e)) = Be(ei) A Pe(g)), if €i, €j € E and ejand ej have a common node between them.
B e'(ei,g)) = 0, otherwise

B ' (Xi,))= ae(Xi) A Be(e)), ifxi €V, ei €E, e €T and x; lies on the edge g;

Hence the pair T(GS(T,V): (((T, a"), (T, B7)) is a total fuzzy soft graph of G5(T,V).

N. Theorem 5:
2 .
[?n] +2,if n=3

[%L+&vnz4’eer

If Cn®be a fuzzy soft cycle of size n > 3, then x#*(T((Cr%))=
Proof:

Consider a fuzzy soft cycle Cn°, e € T of size n > 3 and the points of Cn° is given as X,
X2,...xn and the lines are denoted by eq,ez,...en Where ei= Vivi+1, 1<1<n-1 and B(ei) = Bt “(ei).
Construct the total fuzzy soft graph of C»°, e € T such that T(Cx®) contains 2n points labeled
as Vi,Va,...Von & two points in T(Cn®) are adjacent if,

(i) Both points are in V.

(if) one pointvisinVandeisin E and v lieson e.

(iii) Both nodes are in E.

The membership values are assigned to the points and lines with the definition of total fuzzy
soft graph.

Now colour the points of T(Cy®), e € T with the condition that 2 strong adjacent points
receive distinct colours and all the points of C°, e € T dominate one colour group.

It is obvious to see that, xw*(T((Cn®)) = [2?"] +2,ifn=3, e€eT.

Now we have to prove for the case n > 4.

Assign the colours (1,2,3,1) t0 Va+si, Va+si, Va+si, vs+si If 1”7 1s even, and if “i' is odd, give

colours (2,3,1,2) to the same points, for 0<1i < [2n5_1]-

The point vi+si, 0<i < [%] is coloured by (4+i), since the point vi+si dominates itself and its
2n—1
5

connecting points Vi+si-2, V1+si-1, V1s5i+1, Vissiv2 for 0<i < [ ] and if i = 0, then vy, v, von,

V2n-1 dominate the color group 4.

Hence the resulting colouring is a least fuzzy soft dominator colouring of T(C,) because
each point in a least dominating set gains a unique colour. Hence x#w°(T((Cn%))= [2?”] +
3,ifn>4,e€T.

0. Theorem 6:
If Po°, is a fuzzy soft path of size n>3, then

(=] +2ifn=3

[%L+Lvnz4’eer

xed*(T((Pn®))=
Proof:
Consider a fuzzy soft path Pn® of ‘n’ points v1,va,...va and n-1 strong arcs ex,ez,...en-1.
Establish the total fuzzy soft graph of P.%, e € T. T(P»°) contains 2n-1 points labeled as
V1,Vo,...v2n1 @and 2 points are adjoining if both points are in V (or) both are in E, also v €V, e
€E and v lies on E.

Assign the membership values for vertex set and edge set by the definition of total fuzzy soft
graph.
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Now colour the points of T(P»®), e € T with the condition that 2 strong adjoining points
receive distinct colours and all points of Py®, e € T dominate one colour group.

It is easy to prove that x*(T((Pn%))= [Z?n] +2,forn=3,e€T.

The fuzzy soft dominator colouring of T(Pn°) for n >4 is obtained by the following
procedure.

Assign colour 1 to vi+3j, colour 2 to va+35 and colour (3+]) to Vau+3j, for 0< j< [z?n]

The point vs+3; dominates itself and its connecting points of colour group (3+]).

Hence the resulting colouring is a least fuzzy soft dominator colouring of T(P»°) since each
point in a least dominating set gains a unique colour. Hence x#°(T((Pn%))= [%n] +1,if n > 4,
eeT.
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