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1. INTRODUCTION

In 2003 Kirk et.al introduced the notion of cyclic representation and characterized the Banach
Contraction Principle in context of cyclic mapping.The theory of existence and uniqueness of
fixed points has been developing since the work of Banach [9] in 1922 and numerous results
have been obtained so far.Various types of cyclic contractions acting on complete metric
spaces have been defined and studied thoroughly from this point of view[1]- [12].Now we
extend our view to prove fixed point results for cyclic contraction in complete metric Spaces
which generalize the results for cyclic contractions in Banach Space.

2. PRELIMINARIES

Definition 2.1[see (11)]
Let K be a subset of a Banach space X.An operator T defined on K is said to belong to the

class D(p,q) if ”Tx—Ty||s p[x— v+ of|x—Tx+ |y -Ty[} — (2.2) for all x and y in K,Where
0< p,q<1 .If an operator T is in class D(k,0) with O0<k <1, then T is contraction with
O<k<1.

Definition 2.2
Let Kiand K> be closed subsets of a Banach space X.An operator T defined on K is said to

belong to the class D(p,q,r) if HTX—Ty|| < p|x- y||+q{ﬂx—TX||+HY—TY|[%+V{1‘X—TY||+HTX— y[}--

--------- (2.2) forall x and y in K,Where 0< p,q,r <1, p+2g+2r<1 and q>0.
Definition 2.3
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Let K: and K> be closed subsets of a Banach Space X.An operator
T:K,uK, > K UK, withT(K,)cK,andT(K,)cK

1 is said to belong to class D(p,q) if it satisfies

rx =Ty < plx— ]+ aflpx=Tx| + |y = Ty} @3

forall xe K, and y € K, where0< p,q<1.Itis clear that if T belongs to the class D(k,0) with

0<k <1,then T is a cyclic contraction.
Example 2.4:

LetK, = [O,%] and K, = [% 1].

Define the operator T as follows:

2 . 1 2 L1
TX)={=,if 0<x<=;: =(A-Xx),if =<x<L
(x) {5 5 3( ) 5 }

To Prove that T is in the class of D(%,%).

1 11
Take xe[0,~]and p—"
e[ 2] ye[3 2]

Then Tx—Ty||:g—g‘:O.
5 5
1 1 2 2 2 2 4
Now x €[0,=]and = 1]. Then [TX-Ty|[=|-—=+=Y|=|=y——
closlandyel; Al [rx-T] ‘5 3 3‘ ‘3 15
11 1 1 5 1
SEX— S Y X—— Y — =
4 4 4 10 12 6
1 1 2| |5 2
<SX=yl+=(X—=|+=y—=
4| y| 4( 5‘ ‘3y 3‘)
1 1
=—IX=yl+=(X=TX+|y-T
2 XY (=T ]y =Ty
Which implies that T has a unique fixed point P = é :
Definition 2.5
Let K: and K> be closed subsets of a Banach space X.An operator

T:K, UK, > K UK, withT(K,) c K,andT(K,) =K, is is said to belong to the class
D(p,q.r) if it satisfies ”Tx—Ty|| < p|x—yl+ e x =T+ [y — Ty rx = Ty] +[Tx— y [} -------

--(2.4) for all xe K, and y e K, ,where0< p,q<1.1t is clear that if T belongs to the class
D(k,0,0) with O<k<1,then T is cyclic contraction.

Definition 2.6

Let Kiand K> be closed subsets of a Banach space X.An operator T defined on K is said to

belong to the class D(p,q,r.s) if
x=T,+ly-Td

LT < plx =yl b Ty =T e T T =y s e

(2.6) for all x and y in K,
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Where 0< p,q,r,s<1, p+29+2r+2(s/2)<1 and q>0.

Definition 2.7
Let K: and K: be closed subsets of a Banach space X.An operator

T:K,UK, > K UK, withT(K,) cK,andT(K,) c K, is is said to belong to the class
D(p,q,r,s) if it satisfies

x=T,[+[y-T,
T, —TyH < plx—y|+ q{]|x—TX||+Hy —Ty”}+ r{]‘x—TyH +|T, - Y3+ s{H y” 5 H 1
(2.4) for all ,xe K andy € K, ,where0< p,q,r <1.1t is clear that if T belongs to the class
D(k,0,0,0) with O<k<1,then T is cyclic contraction.

3. MAIN RESULTS

Proposition 3.1

Let K: and K> be closed subset of a Banach space X.An operator
T:K UK, > K UK, withT(K,) cK,and T(K,) c K, and satisfies (2.4) with
0<p,qr,s<land p+2q+2r+2(s/2)<1l. If FM)={xeK, UK, :Tx=x}=¢ ,then F(T)
consists of a single point.

Proof:

Assume the contrary that Let z,we K, UK, be two distinct fixed points of T.Then

Z—-Tw|+|w-Tz
- =112-To < plz -l Ta] - Tl i ol rz -2 L 1Ty
=(p+29+2(s/2)|z—w|
Implies z = w,since p+2q+2(s/2)<1.
Hence the proof.

Theorem 3.2
Let K; and K> be closed subset of a Banach space X.An operator

T:K,UK, > K, UK, withT(K)) cK,and T(K,) c K, and satisfies (2.4) with
0<p,q,r,s<land p+2q+2r+2(s/2)<1. Then the sequence {x,} in K, UK, satisfies
lim,_, (x, —Tx,)=0 and the sequence {x, } converges to the unique fixed point of T.

Proof:

Let x, € K,.

Define

X, =TXy =T "Xothen [Tx, = Tx, [ < p|[x, = X ||+ Xy =TX, [+ X = X B+ 1% = TX0 ||+ [TX, = X [+

”Xn _TXm||+||TXn — Xm”}

s{ i

By the triangle inequality we have
T, =T < X, =T+ [TX =T ||+ [ X = T [+

Xy =T |+ X = TX B+ 1%y =T [+ X = TX ]|+
2T, —Tx, [} +
%2 =T ||+ [ X =T || + 2| T, —Txm||}

s{ 5
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p+q+r+(s/2) _ ~
1-p-2r—2(s/2) U~ Pl + i =T}

Observe from the hypothesis that ,the right hand side of the inequality tends to zero asn — o
Hence {Tx.} is a Cauchy sequence .
Since K, UK, is complete,then it converges to limit ;say z € K, UK, .thatis lim_, Tx =z.
Note that the sub sequence {x,.}eK, and the sub sequence {x,.,}eK, thus
zeK NK, #g.
Then we apply the triangle inequality and the fact that g<1 to get
|lz=Tz|| <|Tz=Tx,| < pz =%, |+ afx, —=Tx, |+ ||z =Tz} +

r{x, —Tz|+[Tx, — z[}+

LR

< pllz = x|+ afx, =T, || +[z - Tz} +

= [Tx, =T, | < (

Mz =, +z =Tz + [, =T, + ]z =, [} +

2%+l T2+ )~ Tl +lz = %]y

2
p+2r+2(s/2))”2_x”+( g+r+(s/2)
1-q-r—(s/2) M—q-r—(s/2)

It follows from lim_, x,=zandlim_ __(Tx,—X,)=0

Implies that z is the fixed point of T which is unique by the proposition 3.1.

Hence the proof.

Corollary 3.3

Let K: and K Dbe closed subset of a Banach space X.An operator
T:K,UK, > K UK, withT(K)) cK,and T(K,) c K, and satisfies (2.3) with
0< p,q<land p+2q<1.Then the sequence {x,} in K, UK, satisfies lim___(x,—Tx,)=0
and the sequence {xn}converges to the unique fixed point of T.

Proof:

The proof of corollary follows immediate ,by taking r=0 and s=0 in the above theorem.
Corollary 3.4

Let {K.,i=12,...... m} be non - empty closed subsets of a Banach Space X and let

s{|

<(

o =T

T:UL K, > UL K, satisfies the following conditions:
1. T(K)cK,, forl<i<mand K_,, =K,

2. There exits
0< p,q<1such that

Tx=Ty||< p|x—y||+ af[Tx= x| +[Ty—y[} for all xeK;,yeK,, and 1<i<m.

i+1

Proof:
It is sufficient to prove that for a given x e U, K, infinitely many terms of the sequence
T"x lie in each Ki. Thus N, K; #¢. Then the operator T :, K, >N, K, satisfies the

conditions of the theorem 1 in [11].
Example 3.5
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Let K, =[O, %], K, = [%,%] and K, = [% 1] Define the operator T as follows :

ifo<x<t
Tx = 2

wliN o N

1-x) if%<x£1

2

Observe that T(K,) = {E} K,. T(K,)= {1 2

—,—}C K, T(K,) :{O,g}c K,
6 5 5

We have shown in Example 2.4 that this operator T is in the class DG%) and has a unique
fixed point.
If we impose an additional condition on the operator ,more precisely on the constants p,q,r
and s we get the following theorem.
Theorem 3.6:

Let K: and K be closed subset of a Banach space X.An operator
T:K UK, > K UK,withT(K,)cK,andT(K,) =K, and satisfies (2.4) with
0<p,q,r,2(s/2)<land p+2q+2r+2(s/2)<1.Then

a) T has a unique fixed point P in K, "K, .
b) Tx—P|| <|x—P| forall xe K, UK, where P is the fixed point of T.

Proof:
a.Take a point x, € K .

Define  x,,=Tx, forn=012........ then we have
T = [T% = TX] < PXy = X +
%, =T |+ Xz = T+
X, =X+ [TX, = X, [}
R B Lt
2

n+1

[x

n

+{

}

This inequality implies

||xn+l—Txn+1||£(§)+q+—r+S/2J||xn TR S S
—-q-r—s/2

p+q+r+s/2 "
(M—rs/zj o =Tl

Hence we obtain

X, =Tx,| — 0 as n — oo, implying that lim = P, where P is the fixed point of T.

N—o0 Xn
Since the sub sequence {x,,}e K, ,and the sub sequence {x,,,, }€ K, then P € K, "K,. The
uniqueness follows from proposition 3.1.

b.Let P be the fixed pointof Tand xe K, UK,.

Then using (2.4) and the triangle inequality ,we have
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[Tx=P|<[Tx=TP|+[TP-P]

< plx—Pl+ afl-Tx|+|P-TP]}+
[x=TP[+[Tx~ F’II}

rﬂ|x—TP||+||Tx— P||}+ s{ 5
< p|x—P|+afjx—P[+|P-Txf+

el ol 2P

2

This inequality implies
Tx—P| < (MJ”X P|<x—P| as [MJ <1,

1-q-r—s/2 1-q-r—s/2

Which completes the proof.

Corollary 3.7

Let K: and K> be closed subsets of a Banach Space X.suppose that the operator
T:K,UK, > K, UK, with T(K)cK,and T(K,)cK, satisfies (2.3) with
0<p,g,r<land p+2g+2r<21.Then

a) T has aunique fixed point P in K, NK,.

b)

[Tx—P|<|x—P| for all xe K, UK, where P is the fixed point of T.

Proof:
The proof of corollary follows immediate ,by taking s=0 in the above theorem.

3. CONCLUSION

We have proved some fixed point theorems for cyclic mapping with contraction and
expansive conditions in Banach Spaces.The presented results generalize the results proved in
various spaces and extend some results from the literature.
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