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Abstract: The reaction-diffusion kind of a partially singularly perturbed linear system of
‘n’ second order ordinary differential equations is considered. The leading terms first ‘m’
equation's are multiplied by a small positive parameters and the remaining ‘n — m’
equations are not singularly perturbed. It is assumed that these ‘m’ singular perturbation
parameters are distinct. First ‘m’ solution's elements have overlapping boundary layers
and remaining ‘n-m’ solution's elements have less serve overlapping layers. On a
piecewise uniform Shishkin mesh, a numerical system is built that employs the finite
element method. The numerical approximations obtained by this approach are proven to be
effectively almost second order convergent uniformly with respect to all perturbation
parameters. In support of the theory, numerical illustrations are given.
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1. INTRODUCTION

In the interval Q = {x: 0 < x < 1}, a partially singularly perturbed linear system of ‘n’
second order ordinary differential equations of reaction - diffusion form is considered.
The self-adjoint two-point boundary value problem that corresponds is

—Eu" (x) + A()u(x) = f(x) onQ, U givenon T (1.1)
whereT' ={0,1} Q=QUT.
Here % is a column n-vector, E and A(x) are n X n matrices, E = diag(€), € = (&1,"**,&n)
witho<g <1foralli=1,..,n.
The parameters ¢;, i = 1, ..., m are assumed to be distinct and, for convenience, to have the
ordering

g < <egp<égmp1=-=¢& =1

Forall x € Q, it is assumed that the components a;;(x) of A(x) satisfy the inequalities

n
a;;(x) > Z|aij(x)| for1< i< nand a;;(x) < 0 for i+#j (1.2)

VER
j=1
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and, for some «a, O<ac<
min]Z’}=1|aij(x)|. (1.3)

x€[0,1
1<isn

It is assumed that a;;, f, € C®(Q), fori,j = 1,...,n. Then (1.1) has a solution % € C(ﬁ) n
cOw@) nc® ).
It is also assumed that

a

Jem < ‘/—6—. (1.4)
C is a generalised positive constant that is independent of x as well as m singular perturbation
and discretization parameters used in this article. This is the outline for the document. The
boundary layers are resolved using piecewise-uniform Shishkin meshes in Section 3. In
Section 4 the discrete problem is defied and the corresponding maximum principle and
stability result are established. The parameter-uniform error estimation is described and
illustrated in Section 6. The numerical diagrams in Section 8 are included.

2. ANALYSIS OF THE FINITE ELEMENT METHOD

Let V be a given Hilbert space with norm |.|l, and scalar product (:,-). V is usually a
subspace of the Sobolev space H'(Q).

Consider the weak formulation, find % € H{(0,1)" in particular u; € H(0,1) fori =1, ...,n
such that

Bi(u;, v;) = fi(v;) ¥V v; € Hg(0,1). (3.1)
For i=1,..,m,
B, v) = —&i(w;, v;) + (Z(aijuj)'vi>
=1
and
fi(vi) = (fl': vi)'
Fori=m+1,..,n,
B, (u,v) = —(u;v;) + (Z(aijuj).%')
=1
and
fi(vi) = (fifvi)'

where (u;,v;) = fol wv; dx. B;(u;,vy) is a bilinear form on Hy(0,1)" and f;(wy), a given
continuous linear functional on H},(O,l)".
Lemma 3.1 Suppose that the bilinear form g,(-,-), i = 1,...,n, is continuous on Hy(0, D)™ is
coercive, that

1B; (up, vl <y g 1w I (3.2)

Bi(vi,v) = a ll v; I? (3.3)

where a and y are constants that are indepentent of u; and v;. Then for any continuous linear
functional f(-), the problem (3.1) has a unique solution.
A natural norm on H}(0,1)™ associated with the bilinear form B,(:,) is the energy norm

Il v; 12,= (& v I3+ a ll v; 13)
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where | v; lli= (v}, v}z, Il v; llo= (v;,v;)z on H(0,1)™.
Lemma 3.2 A bilinear functional B,(u; v;),i =1, ...,n, satisfies the coercive property with
respect to

I v; |I§lS ﬁi(vi,vi)
Proof: Fori=1,..,m

n
Bi(vy,v;) = —& (v, v;) + Z(aijvj)'vi

j=1

1 n
=& ” V; ”%'i‘f Z(auvj) ©V; dx
o \‘=

> g v 13+ a ll v; lI3.
Fori=m+1,..,n
n

Bi(vy,v) = —(v;,v;) + Z(aijvj)rvi

j=1

1 n

=y, ||%+f > (ayy)- v |dx
o\

> Il vy 13+ a Il v I

1. The Shishkin mesh
A piecewise uniform Shishkin mesh with N mesh-intervals is now constructed. Let Q" =
(V=L q = {x })_, and 'V = TI. The mesh Q' isa piecewise uniform mesh on [0,1] that
was generated by dividing [0,1] into 2m + 1 mesh-intervals as follows:
[0,0{]VU..U(Op_1,0m]V (0,1 —0, U1 =0, 1—0,-1] VU ..U (1 —0q,1].
The points separating the uniform meshes are determined by the m parameters o, which are

defined by oy = 0,041 = 3,

1 2\/em
= min{- InN 4.1
Om m1n{4,\/a n} (4.1)
and, forr=m-—1,...,1,
0, 24/€
0, = min ALy \/_rlnN . (4.2)
r+1° Ja
Clearly
1 3
0<0-1<"'<O-mSZ, ZSl_O-m<"'< 1_0-1 <1.

Then a uniform mesh of g mesh-points is placed on the sub-interval (o,,, 1 —0,,], and a

uniform mesh of % mesh-points is placed on each of the sub-intervals (o,,0,,1] and

1-0,41,1—0,], r=0,1,..,m—1, respectively. In practice, it is convenient to take N =
4mé, § = 3, where m denotes the number of distinct singular perturbation parameters
involved in the experiment (1.1). This produces a class of 2™ piecewise uniform Shishkin

—N
meshes Q . When all of the parameters o, = ﬁ r=1,...,m, are set to the left, the Shishkin
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—N . . . .
mesh Q becomes a classical uniform mesh with the transformation parameters o, and a
scale N™* from 0 to 1. The following inequalities hold for the mesh Q", s=1,..,m—1

2
hkSN for 1< k<N
1 N 3N
— _ <
thN for 4S k < 7
1 N 3N
hkSﬁ for 1< kSZ and TS k<N (4.4)
N N N N N
> — < k<——m— - _)<k<(1-—
=g for =<5y o <1 4(s+1)>_k_<1 4s>
N N N
< — < k<— —— <
hk_4s for 1_k_4(s) and (1 4()> k< N.

2. The discrete problem
In this segment, a numerical method for (3.1) is constructed using a finite element method

with a suitable Shishkin mesh. Let for i = 1,2,...,nand k = 1,2,...,N — 1,V;, ¢ H(0,1)"
be the space of piecewise linear functionals on £, that vanish at x = 0 and 1.
The finite element approach is now established for the discrete two-point boundary value
problem, U;, € V;
Bi(Uir,vir) = f(vig) V v € Vig 5.1

By Lax-Migram, Lemma implies that

1. The discrete problem has a unique solution,

2. The discrete problem is stable.
From (1.3) on A implies that for arbitrary x € (0,1)

§'As > af’s v Eon Vi

where V;, is dual space for V; ;.
Let {¢Lk.k =1, ,N— } be a basis for V;,, where N = N(i, k) is the dimension of V.

Then
N-1
U= ) Cixby
k=1

where the unknowns C;, satisfiy the linear syszem
AU =B
with A = Bi(pir,, bix,) U = Ci, B = fi(Pix)-

The corresponding difference scheme is

By (¢11'¢11) By (¢11'¢12) [’) (¢’11' nN 1 Ci1 (f1'¢1,1)
B, (¢12'¢11) B, (¢12'¢12) By (¢’12' nN 1 612 = (fyfl’l,z) .
\ﬁ nN 1’¢n1) :8 (¢n,N—1’¢n,2) ﬁ ( nN 1 nN 1 / Cnni-1 \(fn'd)n,N—l)/

For k =1,..,N—-1
P =Pose == Py
Cre=Cop == Cp.
The nonzero contribution from a particular element is
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f D1 Pix—19 ka D1 P idx

A Xk—1 Xk—1
ik = Xk+1 Xk+1
Py j Dy i dx by s P k19X
Xk Xk
Similarly, the local load vector is
Xe+1

/ f fi b dx \
l xk+1 l
\ f ¢lk+1 /

3. Interpolation error bounds
Lemma 6.1. Let u;, be the V; -interpolant of the solution u;; of (1.1) on the fitted mesh

0V, Then
max sup

< -1 ?
N o< s g (v n)’
where C is a constant independent of the parameters ¢;.
Proof: The estimate is obtained separately on each subinterval Q; = (x;_1, ),
k =1,...,N — 1. Note that for any function g,, on Q;
Iik = Gip—1Pij—1 T 93P
and so it is obvious that, on Q,

max
< g, |9 @], (6.1)
and it's easy to see that by using sufficient Taylor expansions
() = g ()| < chg'y o Ig ()] (6.2)

From (6.2) and Lemma 2.3, on £,
max, ,,
s () — ui (D] < ChE g " Jufl ()]

< C—. (6.3)
Also, using Lemma 2.3, Lemma 2.4 and Lemma 2.5 on €,
|u;k(x) - ui,k(x)|
= |"7i*,k(x) + wi(x) — v (x) — Wi,k(x)l

< |wik(x) — v (0] + |W*L(X) WlLk(x)l + |W*R(x) Wle(x)l
max
< Ch? Q, vt (O] + Chk |W k(x)l + Chk Q, |W1k €3]
Fori=1,..,m
m m m
BL(x BR(x
<cC 1+ZBq(x) +Z a )+Z a(®) (6.4)
, I &g L &g
q=i q=i q=i
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. . 2 InN 2 InN 1 .
The discussion now centres on whether 2femInN >-or an < 2 should be used. In the first

1
va 4 va
case gi < C(InN)? and the result follows at once from (4.4) and (6.3). In the second case

O = 2@“’\' . Suppose that k satisfies % <k< %. Then hy, = W and therefore
ﬂ — 2N_1 1 - ZO'm’
Em Em

om < 1—x;,and so
Va(1-xg) Vaoy
e VEm < e Vem = 72N = N2 (6.5)
Using (6.5) and (4.4) in (6.4) gives the required result.

On the other hand, if k satisfies 1 < k < % and % <k< Nandr=m-1,..,1, then the
& InN oy &-InN oy
\/_\/E = 7"+J;1 or 2 \/_\/E S r++11
the first case é < C(In N)? and the result follows at once from (4.4) and (6.3).

In the second case o, = 24/&,InN /Jaandfors =1,..,m —1,

should be used. In

discussion now centres on whether 2

. N N N N
1. suppose that k satisfies yrEvey < k< © and 1 — (Ts)) < k< 1- (4(s+1)). Then
hy = 4’”“’3\*{“"” or 4’”("’1; 7+ and o, < 1 — x, therefore
h Or41— O o, — O.
£ —gmNt T o gmNt T (6.6)
VEr & Er

Using (6.6) and (4.4) in (6.4) gives the required result.

T N _ N — (0r+1—07)
2. If k satisfies 1< k S4(s+1) and 1 (4(s+1)) < k< N, then h; = 4m—"—"
(or+1—07)

. and therefore

or4m

or 4mN~1 w, (6.7)
87’ ST' ST‘
Using (6.7) and (4.4) in (6.4) gives the required result.

Fori=m+1,..,n

< € (14 Bu(®) + €y BR(X) + Coem(1 — B () + €y BE(x) + Cozm(1 - BE(0)))
This gives the required result.
Lemma 6.2. Let u;, be the V;; -interpolant of the solution wu;;, of (1.1) on the fitted

mesh 2V. Then
max sup .
i=1..,n0<eg<1 %K~
where C is a constant independent of &;.
Proof:
Fori = 1, ..., m from the definition of the energy norm

* * ! * ! * *
g = wie IE, = & ((ui,k —ui) , (Uik — wik) ) +a(uip — Ui Ui — Uik)- (6:8)
Each term on the R.H.S of (6.8) is now treated separately. It is easy to see that the second
term satisfies

Uk llg, < C(N_1 lnN)Z,

(uzk - ui,k; u;k - ui,k) S” u;'k,k - ui_k "2 . (69)
Using integration by parts and noting that (u;k — ui,k)(xk) = 0, for each k, the first term
can be bounded as follows
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& ((ufk — i), (Ui — Uik) )

N=1 ’ ’ )
=& Z f (ufk (s) — ui,k(s)> ds
k=1 "%k-1
N-1 Xie
= —; (5" (5) = ufie () (e (5) = wipe(s))ds
k=1"%k-1
N-1 Xi
=a ) | (4ls) — wia(s)) ds
k=1"*k-1

= (gi u;, k’ul k ui,k)’
where the fact that u;, = 0 on each €, has been used.

The estimate for the second derivative of the components of u;; in lemma 2.4 and lemma 2.5
then gives

|(ei i o whpe — wige)| I wg — ik
1
I f &ilu g |ds
0
|(€i U Ui — ui,k)| <l up — Ui

1 . .,
" L, R,
[ f (si|vi’k| + g |Wl-,k| + g |Wl-,k |)ds
0

1 n n L n R
Bk(s B; (s
< Cllufy — U ||f & 1+2Bq(s) +€iz qg()+giz qg() ds
0 .
q=i

q:i q q:i q
< Cllujp —upe ll,

and so

& ((u;k —up) (U — Uik) ) < Cllufp —up . (6.10)
Combining (6.8) — (6.10) leads to

Iy — wp 12,S C Mgy —wgpe I (1 + a0 gy —ugpe )
Fori =m+ 1, ...,n from the definition of the energy norm

Iy — g 2, = ((u;k —uir), (Ui — uik) ) +a(uj, — uipuix —uig).  (6.11)

Each term on the R.H.S of (6.11) is now treated separately. It is easy to see that the second
term satisfies

(uf e = i o U g — Uie) S U — ugge 17 (6.12)
Using integration by parts and noting that (u;k — ui,k)(xk) = 0, for each k, the first term
can be bounded as follows

((uik ulk) (uix — ulk))

= Nz: ka (u;“k’(s) — u;,k(s)>2 ds

-1

2

[ (09 = ) () w5

k-1

&
1]

1
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N-1
D f 1) (14 () — uga () ds
k=1 Xl
= ( Ujj Ui — ui,k)'
where the fact that ul « = 0oneach Qk has been used.

The estimate for the second derivative of the components of u;; in lemma 2.4 and lemma 2.5
then gives

1
| (g o i — win)| <N uip —wg J;) lu; |ds

1 ., .,
| (g i — wine)| <N ufp —ugg |l fo (|vi,k| + |W1Lk| + |W§k |>d5
<ClI u;k — Ui |l

f ' (1 + Bn(s) + C1Bin(s) + C2 (1 = Biu(s)) + C1B(s) + Co (1 - B,Ln(s))> ds
0

< Cllujp —upe ll,
and so
(e = ) (i =) ') < € Mgy — g . (6.13)
Combining (6.11) — (6.13) leads to
iy — uip 12,S C gy —wgpe I (1 + a0 gy —ugpe )
and the proof is completed using the estimate of || u;;, — u;, Il from Lemma 6.1.
Lemma 6.3. Let u;, be the V;; -interpolant of the solution u;; of (1.1) on the fitted

mesh V. Then
max

* < -1 l 2
i=1,..,n Il Ui — Uik HSiEN <C (N TlN) .
Proof: Since u;, (xx) — u;r(x) = 0, it follows from the definitions of the norms that
Iugy — uik || N= & ((ulk wir) (Ui — uik) ) <l ujj — ugp lIZ,.
Using the estimate in Lemma 6.2 completes the proof.
4. Interpolation error estimate

Lemma 7.1. Let u; ;, be the solution of (1.1) and U, the solution of (5.1). Suppose that v; €

Vi Then
max _
i=1, ___‘nlﬁi(Ui,k — U, )| S C (N ! lnN) Il v; "lz(ﬁN)'

where the constant C is independent of ¢;.
Proof: Since v; isin V;,, it can be written in the form

N—-1
VU = Z virk¢i,k’
k=1

and so

Bi (Ui — uipvi) = Z Vi rBi(Uik — Uige Pige)- (7.1)
k=1
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Then, for each k, 1< k< N—1, using (1.1), (5.1) and the fact that (1,¢Lk)QN -
(1,¢,,) =25,

,Bi (Ul',k — Uik d)i,k) =

n
(alj lki Z alju'l k:

j=1

(al]u] k(xk) ¢lk) Z(auu] kr ¢lk)

-

M:L

j=1
n
= Z(aij (w e (i) — Ujk), Pige)
j=1
Since
xk ,
i () — | = f u;(S)ds| < I,
X
where
x
I, =f | k(s)|ds
Xj—
it follows from (4.4) that
(hy + hys1) _
Bi(Uik— i) < (=== (L + N7, (7.2)
Assume for the moment that
I, < CN~'InN. (7.3)

Then (7.1)-(7.3) and the Cauchy-Schwarz inequality give

N-1 1 1

- (hy + hy1)2 (hy, + Ryyq)2
1B,(Ui — uipovi)| < CN 1lnN2% |vi,k|kfk+1
=1

< -1 .
< CNTHnN vy N, v

as required.
It remains therefore to verify (7.3). From the estimate in Lemma 2.3 for the first derivative of
the solution, it is clear that

I < Cf ||u||r+||f||g) x.
Xk—1
It follows that
(hi + his1)
IS C———=/\=, (74)
andthati =1, ..,m
Va(1-xg41)
h,+h e
I < C%H Vem (7.5)
2\/emInN 1 ZMIHN 1
The argument now depends on whether 7 =5 or 7 < In the first case JT? <
CIn N and the result foIIows at once from (4.4) and (7.4). In the second case a,, = W#

_20- 20m)

Suppose that k satlsfles - <k < 3N Then hy, and therefore
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P _ -1 (1= 200)

Va(l-xg4q1) Vaom

Oom < 1—xj41,andso

e VEm < VEm —e-2InN — -2 (7.6)
Using (7.6), (4.4) and (7.4) gives the required result.
On the other hand, if k satisfies 1 < k < % and % < k< Nand r=m—1,..,1then the

2y/&-InN TOr41 2\/& InN rar+1
> < —<
N , In the first case@

CIn N and the result follows at once from (4.4) and (7.4). In the second case o, = 2/ InN

argument now depends on whether

Ve
andfors =1,. 1.
(1) Suppose that k satisfies e +1) <k< m and 1 — (ﬂ) <k<1- (4( +1)) Then
hy = 4m(ar+}v %) or 4mZ=oren) ;r“) and o, < 1 — x,, therefore
hi Or+1 — Or Or — Opy1
=4mN1——— or 4mN 1 ———. 77
Ve, Ve, JE (7.7)

Using (7.7) and (4.4) in (7. 4) gives the required result.
(2) If k satisfies 1< k< and 1—( ~ )< k < N, then h, = ort1-0r)

4(s+1) 4(s+1) N
or 4m Z+179) and therefore
h Opyq — O 0, —0
k — 4mN_1( r+1 r) or 4mN-1 r r+1’ (7.8)
Ver Ver Ver

Using (7.8) and (4.4) in (7.4) gives the required result.

(3) Finally, suppose that k = { e ) ,1— (%) ,%, 1- (ﬁ)} Then

k+1 ,
k-1 k

< CN~'InN
Fori =m+1,...,n,using (4.4) in (7.4) gives the required.

5. Discretization error
Lemma 8.1. Let u;, be the V; ,-interpolant of the solution w; ; of (1.1) and U, the solution of

(5.1). Then

max . 1 )2
, i — U <
i=1,..,n 1Vl < C(N"'inN),

where the constant C is independent of the parameters ;.
Proof: From the coercivity of §,(,) in Lemma 3.1 and since Ulk Ui, € Vig
Il Usje = up 12 QN< CBi(Uik —uiy, U lk)

< C[,Bi(Uik ulk' zk) + .Bl(ulk lk’ lk)]
Using Lemma 7.1, with v; = U; ) — ujy, then gives

2 _
NU; =i 17 v< CN" InN)2 (| Uy — ufp | .
L) L)

Cancelling the common factor gives
I Uije —uig I ov < C(N"!InN)?,

as required.
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Theorem 8.1. Let u; be the solution of (1.1) and U, the solution of (5.1). Then
max - 2
i=1,..,n 1Vt ll_v < C(N"'nN)',
where the constant C is independent of the parameters &;.
Proof: Since

o — U < o —ur _ ey _
Uik — tige g on < I Uik — Uz g "Si‘QN g — Uik ||€i’QN,

the result follows by combining Lemmas (6.1) and (8.1).
Theorem 8.2. Let u;, be the solution of (1.1) and U;; the solution of (5.1). Then the
following parameter uniform error estimate holds
max sup -1 2
i=1,..,n0<g< 11 V=l g < (N InN)

where the constant C is independent of the parameters ¢;.

- 2 InN . . e N
Proof: Since o, < \/‘i&“ , r=m,..,1, consider k satisfies, 1< k< = and

1- (iv—s) < k< N, s=1,..,n—1 onaneighbourhood of the boundary layers.

Using the Cauchy Schwarz inequality and Theorem 8.1,
|(Uge — wige) ()| = jﬂ Uik — uii)(s)ds
k

| 2 , 2
< <_f 12d5> (Er-]- |(Ui,k — ui,k) (S)l 2d$>
&r Qp Qg

< | U
< g" ik — Uik g qn

5
< CN~'(InN)z. (8.1)
On the other hand, Suppose that k satisfies % <k< 3TN, outside the boundary layers, h;, > %
and so

|(Uix — ui,k)(xk)|2 < N h|(Uyy — ui,k)(xk)|2
3N

4
<N Z hie|(Uixe — ui,k)(xk)|2
=

< NI Uik = Uik iz (gmy,
Using Theorem (8.2) then leads to
Il (Ugke = ui) (i) IS NV InND? I Uge = e Nz gy

1
< CN2(InN)2 (8.2)
Combining (8.1) and (8.2) completes the proof.

6. Numerical Hlustrations
Example 9.1. Consider the BVP

—ET"(x) + A()d = f(x), for x € (0,1), #(0)=0,u(1)=0
6 -1 0
Where E = diag (g1, &5, 63), A= ( -1 5(1+x) -1 )
-1 -(1+x%) 6+x
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f=(e521+ xz)T. For various values of

£1,&5,83 N = 8k, k=2, r =38, and a = 2.0,
Using the general methods from [6], the €-uniform order of convergence and the £-uniform
error constant are computed by applying fitted mesh method to the example 9.1 shown in the
figurel. In the following table outlines the conclusions.

Values of DY, DV, pY, p* and CJ\. fore = 37’ & = 116' g = 1.0.
Number of mesh points N
n 64 128 256 512 1024
20 0.7544E-03 0.1717E-03 0.6677E-04 0.2797E-04 0.1303E-04
22 0.1786E-02 | 0.2975E-03 | 0.1115E-03 | 0.4510E-04 | 0.2050E-04
24 0.3974E-02 | 0.7429E-03 | 0.1842E-03 | 0.7169E-04 | 0.3064E-04
2° 0.8120E-02 | 0.1769E-02 | 0.3029E-03 | 0.1139E-03 | 0.4607E-04
28 0.1492E-01 | 0.3948E-02 | 0.7378E-03 | 0.1837E-03 | 0.7132E-04
2710 0.2426E-01 | 0.8082E-02 | 0.1761E-03 | 0.3010E-02 | 0.1129E-03
212 0.2426E-01 | 0.8082E-02 | 0.1761E-03 | 0.3010E-02 | 0.1129E-03
2714 0.2426E-01 | 0.8082E-02 | 0.1761E-03 | 0.3010E-02 | 0.1129E-03
DN 0.2426E-01 | 0.8082E-02 | 0.1761E-03 | 0.3010E-02 | 0.1129E-03
pN 0.1329E+01 | 0.1389E+01 | 0.1453E+01 | 0.1473E+01
ch 0.9233E+00 | 0.9053E+00 | 0.7898E+00 | 0.5031E+00 | 0.5032E+00
Computed order of € uniform convergence, p* = 1.329
Computed g-uniform error constant, C = 0:9233
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