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Abstract: In this article, we are discussing a set of sufficient conditions for
existence mild solutions of fractional semi-linear evolution equation with non-
instantaneous impulses with classical and non-local conditions using the concept of

generators and generalized fixed point theorem. Illustrations provided to validate our
results.
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1. INTRODUCTION:

Recently, Shah et. al. [1] discussed the existence and uniqueness of classical solution for the impulsive
evolution equation defining the concept of generators. This paper derive set of sufficient conditions for the
existence of mild solution of the semi-linear evolution equation.

0%u(t) = Ault) + ft,u(t)), t&€[sp.tp), k=1,2,--.p 1)
u(t) = gp(k,u(t)), t € [ty,se) S

over the interval [0,T] with local condition u(0) = uy and non-local condition u(0) = wug + h(u) over
the interval [0,T] in a Banach space I{. Here A : I{ — U is linear operator, [ : [0,T] x U « U — U is
nonlinear function and g : [0,T] x I are set of nonlinear functions applied in the interval [ty s;) for all
i=12---.p

There are various problems in physics, engineering and biological sciences, having changes for a par-
ticular moment of time or small amount of time are well explained in terms of impulsive differential
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equations. Therefore the problems like removal of insertion of biomass, populations of species with
abrupt changes, abrupt harvesting, and various problems containing abrupt changes are modelled into
instantaneous impulsive differential equations [2-10]. The qualitative properties like existence, uniqueness
and asyvmptotic behavior of impulsive differential equations using various techniques have been studied
by many researchers [11-17]. Sometimes, changes may be for small duration of time. This type of prob-
lems are model into non-instantaneous impulsive equations. Details of the non-instantaneous impulsive
equations are found in [18].

On the other hand, the fractional calculus and fractional evolution equations are became one of the
popular branch of the applied mathematics as the fractional derivative operators have infinite degree of
freedom and due to this many of the problems in physics, biology and economics are well approximated
using fractional differential equations rather than integer order differential equations. Applications of
fractional order models are found in the [18-30]. Existence of the mild solution of the fractional equations
without and with instantaneous impulses are found in the articles [35-39] and reference their in. Study
of solutions of fractional equations with non-instantaneous impulse are found in the articles [40-42] and
reference their in.

2. PRILIMINARIES

Basic definitions and theorems of fractional calculus and functional analysis are discuss in this section,
which will help us to prove our main results.

Definition 2.1. [33] The Riemann-Liouville fractional integral operator of 8 = 0, of function h € L1(Ry)
is defined as

JE h(t) = ﬁ [(t—0 hia)dn

provided the integral on right side erist. Where, I'(:) is gamma function.

Definition 2.2. [34] The Caputo fractional derivative of order 3 >0, n—1 < 3 < n, n € N, is defined
s

1 t d™h
"D h(t) = mlﬂ(f—@)"_ﬂ_lﬁdf;’

where, the function hit) has absolutely continuous derivatives up to order (n — 1).

Definition 2.3. [1] The families of operators T(t),To(t) : 4 — U, t = 0 are generated by a linear
operator A 1 U — U satisfies the following properties:

(1) T(0) =1 where, I is identity operator
(2) T(t) satisfies the linear fractional equation “D*u(t) = A(t)u(t) in Banach space
(3) im,_,, T,(t) =T(t)

Theorem 2.1. (Banach Fired Point Theorem) [40] Let E be closed subset of a Banach Space (X, |||}
and let T : E — E contraction then, T has unique fized point in E.

Theorem 2.2. (Krasnoselskii’s Fived Point Theorem) [{0] Let E be closed conver nonempty subset of a
Banach Space (X ||-||) and P and @) are two operators on E satisfying:

(1) Pu+ Qv e E, whenever u,v e E,

(2) P is contraction,

(3) @ is completely continuous

then, the equation Pu+ Qu = u has unigue solution.
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3. EQUATION WITH CLASSICAL CONDITIONS

This section, derived the existence and uniqueness results for the fractional evolution equation:

D%u(t) = Au(t) + f(t, u(t)), tE [spytper), kE=1,2---.p
u(t) = gi(t, u(t)), teft,s) k=12,-.-,p (3.1)
u(0) = ugp

over the interval [0, T] in the Banach space I..
Definition 3.1. The function u(t) is called mild solution of the impulsive fractional equation (3.1) over
the interval [0,T], if u(t) satisfies the integral equation (3.1).
T(t)ug + ft[t — 8)* ML (t —s)f(t,uls))ds, t e [0,81)
u(t) = gk(fsﬂtf)}1ﬂ t e [ty si) (3.2)
T(t — s)gu(se.u(sn) + [ (= 8 Tl ) f(u(s)ds, b€ [srtirn)
ok

where, the operators T(t) and T,(t) are the generators of the linear part A.
Theorem 3.1. [Eristence and uniqueness Theorem) If assumptions

(A1) The families of operators T(t) and T,(t) generated by the operator A(t) are continuous and bounded
over [0,T]. That is, there exist positive constants M and M, such that ||T(t)]| < M and ||[Ta(t)]| <
M, for allt e [0,T].

(A2) The nonlinear function f is continuous with respect to t and there exist rp such that F Lipchitz
continuous with respect to w in By, = {u € U ||u|| = ro}. That is, there exist positive constant L

such that ||f(t,u) — f(t,v)|| £ L||ju —v|| for allt € [0,T] and u € By,.

(A3) The functions gy : [te. se] x U are continuous and there erist a positive constants 0 < Gy < 1 such
that ||gi(t, u(t)) — gi (¢, v(£))]| < Gl [u— ).

are satisfied, then the semi-linear fractional evolution equation with not-instantaneous impulses (3.1) has
untgque mild solution.

Proof. Define the operator F on I{ hy

Fuu(t), t<[0,t1)
Ful(t) = Fopult), te [fk,sk}
Fapu(t), te[sp,trs)

where, F, Fq. and JFy;. are

Fuu(t) = T(t)ug +£ (t— s)* 1T, (t — 8)F(t,u(s))ds,t € [0,t;)

fgkﬂ(t} = Qk{f_. H{\f}}: te [tk‘: Skj
Fault) = T(¢ = sJu(sus () [ (6= ) Talt = )6, u(s))dss € s )

forallk=1,2,---p.
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In view of this operator F, the equation (3.2) has unique solution if and only if the operator equation
u(t) = Fu(t) has unique solution. This is possible if and only if each of u(t) = Fiu(t), u(t) = Faru(t) and
u(t) = Fapu(t) has unique solution over the interval [0, £1), [t, sp) and [sg, tpey) forall k=12, | p
respectively.

For all t € [0,#,) and u,v € B,,,

||;;n1u{f;_;;mu{¢;||<_:£ ﬁ1-%""{t—m“-‘cn—rz:lﬂ-ll--(rn_l—s)f'-lnnct—mn
Ty —72)]| -+ [[Ta(mn—1 — $)|[[|F(5:1(s)) — F(s5, v(s)) |dsdrm_1 ---dry

By applying assumption (Al) and {A2) we get,
£ t1 1
VL™ u(t) — Fi™u(t)]| < / f f PV MIL|u — v||dsdra_, - - - dry
0o Jo 0

ty
f (t1 — 5)"ds|ju — ]|
o
_ HeMEL

< 2 fu— o

< e*flu— ]

Considering maximum over interval [0, ¢,) we get || F{™ u— 1[“)U| < ¢*||u—v|| — 0 for fixed t,. Therefore

there exist m such that J; 1[m:' is contraction on B,;. Thus by general Banach contraction theorem the
operator equation u(t) = Fju(t) has unique solution over the interval [0,¢,).
Forall k=1,2,--- p, t € [t},s;) and u, v € I{ and assuming (A3)

|IFaru(t) — Faxv()]] = llgx(t, u(t)) — ge (¢, v(t))|| < Celu—v].

Then F, is contraction and by Banach fixed point theorem the operator equation u(t) = Fapu(t)
has unique solution for the interval [tp,s;) for all £ = 1,2,.-- ,p. This means for all £ = 1,2,--- | p,
u(t) = gi(t, u(t)) has unique solution for all ¢ € [fx, sx). Lipschitz continuity of gi leads to uniqueness of
the solution at point s also.

Forall k=1,2,--- ,p, t € [sp,tpyy) and u,v € B, _g,

t pT1 Tn—1
FPu0 -Fool < [ [ [T e-m =) - 9 - )l
Ap J8g e

Ta(me —72)l|- - [[Tala—1 — s)l[[1f(s; uls)) — f(s,v(s))||dsdTn 1 ---dna
Appalling assumption (Al) and (A2) and we get,

() () R B e (a1 pqn
e - FPuol < [T [ [T e — s ML ol dsdr s -
2k 2l 2k

(trer —sp)™ @ VML

<
(n—1)!
b by — s) ML
[ e — o tasu— o < St =Ry
Ak :
<elu— ol

Considering supremum over interval [sg, fry1) we get ||.F?E:]u - féz)iﬂ =< *||u —v|| = 0 for fixed sub-
interval [sg,tgy1) for all E =1,2,--- | p. Therefore there exist m such that F™) is contraction on B.,.
Thus by general Banach contraction theorem the operator equation wu(t) = Fapu(t) has unique solution
over the interval [sp,tgq) forall k=1,2,--. p.

Hence, the operator equation u(t) = Fu(t) has unique solution over the interval [0, T] which is nothing
but mild solution of the equation (3.1). This completes the proof of the theorem. A
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Example 3.1. The fractional order evolution equation:

2

“Duft, ) = ZT?—;{I,I} - u%[t,r) + f(t,ut,z)), tel0, é) U [é 1]
u(t, z) (3.3)

M0 " A ) telzy)

over the interval [0,1] with initial condition u(0, ) = uo(x) and boundary condition u(t,0) = u(t,27) =
0.The domain of the operator Au = ——5 is D(A) = {z € L?[0,27]/z is twice differentiable and 2(0) =
2(2m) = 0}. The function u(t) is mild solution of (3.3) in the interval [0,1] if u(t) satisfies:

T{t)uu.+/ (t— s)°'T (f—s}{ +f{s u)}ds, tE[D,%]
ult, z) Lol 2
ut) = 3T ue,2) < 3 3
u(2/3, x
Tt — 2;3)% {c o T (t — s}{ +f{s W))ids,  te [5.,1]
(3.4)

Here, _ _
T(t)z ="y Ea(-nt%) < 2,¢n > ¢n and Ta(t)z =Y Eaa(-—n*t*) < 2,00 > ¢n

n=1 n=1

are the generators of the linear operator A. ¢y (x) are orthogonal Fourier basis functions in L*[0, 27].

1 The generators T(t) and T,(t) are continuously differentiable with respect to t. Therefore there
erists positive constants M and M, such that ||T(t)|| < M and ||T,(t)|| < M, respectively.

2
2 The first non linear term in (3.3) %% is composition of two continuous operators Pu = %% and

Qu = u® which are continuous with respect to t and Lipchitz continuous with respect to u in finite

closed ball B, as the operator P is linear and the partial derivative of () with respect to u exist for
every . Moreover P and () are differentiable with respect to arquments t and u.

3 The impulse g(t, z(t)) = ﬁ is continuous with respect to t and Lipchitz continuous with respect

to z with Lipschitz constant G = 1/2 < 1.

Therefore, by theorem [(3.1) the equation (3.3) has unique solution over [0, 1].

4. EQUATION WITH NON-LOCAL CONDITIONS

This section, derived the existence results for the fractional evolution equation:

CD%u(t) = Au(t) + f(t,u(t)), t e [sk,tesn), k=1,2,---.p
u(t) = gi(t, u(t)), tete,si) k=12,---.,p (4.1)
u(0) = g + h(u)

over the interval [0, T] in the Banach space l{.

Definition 4.1. The function u(t) is called mild solution of the impulsive fractional equation (4.1) over
the interval if u(t) satisfies the integral equation (4.1).

T(t)[uo + h(u)] +fD (t —8)* T, (t — s) f(t, u(s))ds, t e [0,t)
u(t) = ¢ ge(t, ult)), t € [t si) (4.2)

t
Tﬁ—ﬂMﬁmﬂﬁH+/R—ﬂ“”ﬂbwﬁwﬂwﬁ1 £ € [sk,trs1)
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Theorem 4.1. (Eristence Theorem) If assumptions,

{Bi) The familics of operators T'(t) and T, (t) generated by the operator A(t) are continuous and bounded
over [0,T]. That is, there exist positive constants M and M, such that ||T(t)|| < M and ||T,(t)|| <
M, for allt e [0.T].

(B2) The function f(t,-) is continuous and f(-,u) is measurable on [0,T]. Also there erist 3 € (0,a)
with my € Lilf{[D.IT]..]R)su such that |f(t,u)| < mg(t)||u|| for all u,v e U.

(B3) The functions gy : [tg, sk] x U are continuous and there erist a positive constants 0 < Gy < 1 such
that ||ge(t, uit)) — ge(t,v{t))|| £ Gyllu — v|| for all k.

{B4) The operator h : U — U is Lipschitz continuous with respect to u with Lipschitz constant 0 < H < 1.

are satisfied, then the non-local semi-linear fractional order evolution eguation (4.1) has mild solution

over the interval [0,T] provided MH < 1 and MG < 1 .

Proof. Assuming (Bl), for all w € By = {u e U : ||u|| £ k} for any positive constant k. Therefore,

IT(t)(uo + h(u))| = M(Juo| + Hl[ul[ + [R(0)]), (4.3)
and assuming (B2) one can easily shows that (t — s)** € LT7F[0,t] for all ¢ € [0,T] and 7 € (0,a).
Leth = 1_—1 € (—1,0) and set M; = ”mIHL%' Using assumption (B2) and Holder's inequality for
t e [0,T] we get,

1-8
/ |(t — 5)* ' Ta(t — 5) f(s, u(s))|ds < M, ( (t—s) 1_5535) M [[uf] (@4)
<

MM,

T ST[1+b][1_ﬁ]||u||.

Fort [l]_.tlj and for positive r we define F; and F; on B, as,
Fru(t) =T(t)(uo + h(u))

Fou(t) [ (t —8)* T, (t — s)f(t,u(s))ds

then, u(t) is mild solution of the semi-linear fractional evolition equation if and only if the operator
equation u = Fyu + Fyu has solution for u € B, for some r. Therefore the existence of a mild solution of
{4.1) over the interval [0,1;) is equivalent to determining a positive constant rg, such that Fy + F; has a
fixed point on B..,.

Step:1 ||[Fiu + Fyv|| < rp for some positive rg.

Let u,v £ By, choose

|H0|+|f’1Ez}|Jr M, M, (14+6)(1-5)
I _MH ' (1_MH)(I+b1-5

=M
and consider

[Fru(t) + Fou(t)] < ‘T[I)(uﬂ. + h(u))

t

+ ’f (t—8)* 7 T, (t — s) f(t,v(s))ds
o
y .ﬁffﬂ.ﬁff} 1+b 1_ﬁ

< M(|ug| + H||u|| + |R(0)]) + ng =B |
(using inequalities (4.3) and (4.4))

<rp (since, MH < 1).

Therefore, ||[Fyu+ Fau|| < rg for every pair u,v € By,
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Step: 2 F, is contraction on B,.

For any u,v € B,, and ¢ € [0,t;), we have |Fu(t) — Fyv(t)] < MH||u — v||. Taking supremum over
[0.t1), |[Fru— Fiv|| < MH||u — v||. Since, MH < 1, F is contraction.

Step: 3 F: is completely continuous operator on &,

Let the sequence {u,} in B, converging to u € B, then,

[F2un(t) — Fou(t)] < fu (£ = 8)* ! Talt — s)|| f (s, un(s)) — f(s,u(s))|ds

< ﬂ»‘fc,ft{t — S:Ia_l sup |f(s.un(s)) — fs,u(s)}|ds
0 ag[0,t1)
< Mo up |l un(s)) — f(s,u(s))]
O se0,i1)

which implies,

M.t
|Fauy, — Foul| < ==L sup |f(s,ua(s)) — f(s,u(s))|
Ck ac[0,i1)

and assuming continuity of the f, ||Faou, — Fou|| — 0 as n — oo. Therefore F3 is continuous over the
interval [0,%;).

To prove, {Fau(t),u € By} is relatively compact it is sufficient to show that the family of functions
{F2u,u € B,,} is uniformly bounded, equicontinuous and for any t € [0,1,), {Fou(t), u € By, } is relatively
compact 1 1.

Clearly, for any u € By, ||[Fzu|| £ ro, which means that the family {Fsu(t),u € B} is uniformly
bounded.
For any u € B, and 0 < 7y <15 < £,

|Fou(T2) — Fo(m)| = ‘L. (T2 — S}D_ITQ(TQ — s} f(s.u(s))ds — £ (m — s]“‘lTa[n — 5 f(s,u(s))ds

<

/ { — 8T (ry — 5) (5, u(s))ds| + ‘ [ =t = =]

To(ma — s)f(s,u(s))ds

< + 1+ Iy,

+ ‘./0 (T1 — s)“‘l [Ta{rg —s5)—Ta(m — sj]f(s,u{s)}ds

Where,

I =

,[Tﬂ (r2 — 5)* " Talr2 — 5) f(s, u(s))ds

1

= /-TE |(r2 — 8)* 7' Tu(r2 — 5) f (s, u(s)) |ds

1

MMy (1+b)(1=B) |y ||

< m(ﬁ -71) (Applying inequality (4.4) over interval [ry,73]),

L=

/T] [{Tz — s}"'_l —(m1 — s}a‘l]Ta{Tg — s} f(s,u(s))ds

1]

) 1-8
[(m2 — 8)*~ — ( — s)°-1]mds) Jul

Lh !

<o, | " (72 = 9% = (71— 8)31] | f (s, u(s))ds < MQMI( /

o
Applying Holder inequality

T1 1—.5
Iy < MM, ([ [(r2 — 8)° = (1 — s)]ds) ||
0
MM _8 MM B
S ) Tl S p g (e )l
and finally,
T1
I3 = f (r1 —8)2 [ Tulm2 — s) — Ta(m — 8)] f(s,u(s))ds
1]

= f,: |(m1 — 8)* ' Ta(r2 — 5) — Tal(r1 — 5)f (5, u(s))|ds
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< ﬁ 1 (T — s)“‘lf(s,u(sj sup |T,(m — &) — To(my — =)|ds||ul|

e ([T1,73]

< LI_S:““’)U-SI sup |Ta(m2 —5) — Ta(m1 — 8)|||u||, (Applying Holder’s inequality).
(1+b) slry,ma]

The integrals I, and Js are vanishes if 1 — 72 as they contain term {72 — 7). Assuming (Al), the
integral [ also vanishes. Therefore, |Fsu(m2) — F2(m )| also vanishes. Hence, the family {Fou.u £ By}
18 equicontinuous,

Now we show that the family X (t) = {Fou(t),u € B,,} for all t € [0,t,) is relatively compact. It is
obvious that X(0) is relatively compact.

Let tq € [0,t1) be fixed and for each € € [0, 1), define an operator F, on B,, as

Foul(t) =j; _E{t — s}':'_lTu{f — s)flt, u(s))ds.

Compactness of the operator VT,t) leads to relative compactness of the set X, (t) = Fou(t),u € B,, in
. Moreover,

t t—e
|Fau(t) — Fou(t)] = | /D (t — 8)* 1T (t — 8) f(t, u(s))ds —fﬂ (t — 8)* 1T (t — ) f(t, u(s))ds

< f (¢ — )" Ta(t — 5)(t,u(s))|ds
MM,

< m(f _ E)(1+b][1—ﬁ)

{ Applying inequality (4.4}).

Thus, X (t) is relatively compact as it is very closed to relatively compact set X, (). Therefore, by Ascoli-
Arzela theorem the operator Fo is completely continnous on B, . Hence, by Krasnoselskii’s fixed point
theorem F + F; has fixed point on B, which is mild solution of the equation (4.1) over the interval

[0,8).

Ovwer the interval [f;, s;) for all k= 1,2,--. | p and for positive r we define F; and F3 on B, as,
Fru(t) =ge(t,u(t))
Fouit) =0

On the interval [t s,) for all k =1,2,- .- | p and for positive r we define ¥, and F; on B, as,

Fru(t) =ge(t,u(t))
Fou(t) =0

Assuming, (B3) the operators £ and Fs satisfies all the requirements of the Kranoselskii’s fixed point
theorem. Therefore the mild solution of the equation (4.1) over the interval [ty sp) exist. Moreover, it
also satisfies the hypotheses of the Banach fixed point theorem the value of g, at s 1s well define.
Over the interval [sy,#3.,) for all k=1,2,--- p and for positive r we define F| and F, on B, as,

Fiu(t) =T(t — si)ge(sk, u(sk))

¢
Fou(t) :f (t —s)* Ta(t — ) f(t,u(s))ds
Bk

then, u(t) is mild solution of the semilinear fractional evolution equation if and only if the operator
equation v = Fyu 4+ Fau has solution for u € B, for some r. Therefore the existence of a mild solution
of (4.1) over the interval [sp,{}1) is equivalent to determining a positive constant ry, such that Fy + Fs
has a fixed point on B,,.

Using similar arguments for interval [0, ¢,) and by Krasnoselskii’s fixed point theorem F, + F, has fixed
point on By, which is mild solution of the equation (4.1) over the interval [sg, f¢41). This completes the
proof of the theorem. O
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Example 4.1. Fractional evolution equation non-local conditions:

1 1 2
emyl/2 — —u(a.r) — -
D uft, z) = uzps(t, x) + 5'06 3 tE[D,.S}U[S,i]

_ u(t, r) 12
uft,z) = T0(1 + u(t, 7))’ te [§’§)

(4.5)

over the interval [0,1] with initial condition u(0,z) = uo(z) + X7, aru(l/i,x) and boundary condition
u(t,0) =u(t. 1) =0.

The domain of the operator Au = —gi“ is D(A) = {2 € L*[0,1]/z is twice differentiable and z(0) =
z(1) = 0}.

The function u(t) is mild solution of (4.1) in the interval [0, 1] if u(t) satisfies:

( ' 1 1 —ufa,T 1
7)o+ ()] + [ (=)™ Talt - ){g5e ™ Jas, tef0.3)

u(t, r)
Ut = A+ uta))

u(2/3,z) ' o 1 ues 2
10(1 +u(2/3,z)) N z;le:f o) Talt - i gge 7 }ds relzd

te [%,%) (4.6)

T(t — 2/3)

Here, _ .
T(t)z =Y Eo(—n*t") < 2,0n > ¢ and Ta(t)z =Y Eq o(—0*t") < 2.6, > oy,

n=1 n=1
are the generators of the linear operator A. ¢n(z) are orthogonal Fourier basis functions in L%[0,1].
Clearly, the operators in the equations satisfies all the required conditions of theorem. Therefore the
equation (4.5) has mild solution over the interval [0, 1].

5. CONCLUSION

Existence of mild solution of non-instantaneous impulsive semi-linear evolution equation with classical
and non-local conditions over the general Banach space is established in this paper. The result of classical
evolution equation is obtained through the the concept of generators and general Banach contraction the-
orem, while the non-local evolution equation is obtained through concept of generators and Krasnoselskii’s
fixed point theorem.
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