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1. INTRODUCTION 

 

In 1965, Zadeh [15] introduced the concept of fuzzy set.  Following the concept of 

fuzzy sets Kramosil and Michalek [6] introduced the concept of fuzzy metric space in 1975.  

George and Veeramani [2] modified the notion of fuzzy metric spaces with the help of 

continuous t-norm, which shows a new way for further development of analysis in such 

spaces. In  2006, Sedghi and Shobe [12]  defined a new notion called M- fuzzy metric spaces 

and proved a common fixed point theorem for four weakly compatible mappings in this 

space. Recently, Jain et al. [11] improved the result of Kumar and Pant [8] by dropping the 

condition of continuity of the mapping and using semi and weak compatibility of the 

mapping in place of compatibility. 

In this paper, we prove a common fixed point theorem for weakly compatible 

mappings satisfying common E.A. Like property in generalized fuzzy metric space, which 

generalize the result of Jain at al. [11] using rational inequality. 
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2. PRELIMINARIES Q 

 

Definition q2.1 

A q3-tupleq(X, qℳ, q q) qis qcalled qℳ-fuzzy qmetric qspace q(generalized qfuzzy 

qmetric qspace) qif qX qis qan qarbitrary qnon qempty qset, q qis qa qcontinuous qt-norm 

qand qℳ qis qa qfuzzy qset qon qX3 q× q(0,∞), qsatisfying qthe qfollowing qconditions: q 

qfor qeach qx, qy, qz, qa q∈ qX qand qt, qs q> q0. 

(i) ℳ(x, qy, qz, qt) q> q0, 

(ii) ℳ(x, qy, qz, qt) q= q1 qif qand qonly qif qx q= qy q= qz, 

(iii) ℳq(x, qy, qz, qt) q= qℳ(p{x, qy, qz}, qt), qwhere qp qis qa qpermutation qfunction. 

(iv) q q q q qℳ(x, qy, qa, qt) qℳ(a, qz, qz, qs) q≤ q qℳ q(x, qy, qz, qt q+ qs), 

(iv) ℳ(x, qy, qz, q. q) q: q[0, q∞) q→ q[0,1] qis qleft qcontinuous, 

(v)  q lim
𝑡→∞

ℳ(x, qy, qz, qt) q= q1 qfor qall qx, qy, qz q∈ qX. 

Definition: q2.2 

 Letq(X, qM, q*) qbe qan qM-fuzzy qmetric qspace qand q{xn} qbe qa qsequence qin 

qX 

i) A qsequence q{xn} q qin qS qis qsaid qto qbe qconvergent qto qa qpoint qx 𝑞 ∈ qX, q 

q(denoted qby 

 𝑞 𝑞 𝑞 𝑞 𝑞 𝑞 𝑞 lim
𝑛→∞

xn q= qx q),  qif  q
lim

𝑛→∞
Mq(x, qx,xn,t) q= q1 qfor qall qt q> q0 

ii) A qsequence{xn} qin qX qis qsaid qto qbe qa q qCauchy qsequence qif 
lim

𝑛→∞
Mq(xn+ qp, qxn+ qp, qxn, qt) q=1for qall qt q> q0 qand qp> q0. 

iii) A qM-fuzzy qmetric qspace qin qwhich qevery qCauchy qsequence qis qconvergent qis qsaid 

qto qbe qcomplete. 

 Definition q:2.3 

A qfunction qℳ qis qcontinuous qin 𝑞ℳ- qfuzzy qmetric qspace qif qand qonly qif 

q   whenever  q 

xn q→ qx q, qyn→ qy qand qzn→ qz, qthen q
lim

𝑛→∞
Mq(xn, qyn, qzn q,t) q= qM q(x, qy, qz, t) qfor 

qall qt q> q0. 

Definition: q2.4 

 Let q qA qand qB qbe mappings qfrom q qℳ q- qfuzzy qmetric qspace q(X, 𝑞ℳ,*) 

qinto qitself. q qThe q 

mappings qA qand qB qare qsaid qto qbe qweakly qcompatible qif qthey qcommute qat 

qtheir qcoincidence q 

points, qi.e. qAx q= qBx qimplies qABx q= qBAx. 

Definition q: q2.5q 

Suppose qA qand qS qbe qtwo qmaps qfrom qa qℳ q-fuzzy qmetric 

qspace(X, 𝑞ℳ,*) qinto qitself. q qThen qthey qare qsaid qto qbe qsemi-compatible qif 

q lim
𝑛→∞

ASxn q= q qSx qwhenever q{xn} qis qa qsequence qsuch qthat q lim
𝑛→∞

Axn q= lim
𝑛→∞

Sxn q= 

qx qX. 

Lemma q: q2.6 
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Let q{xn} qbe qa qsequence qin qa qℳ q-fuzzy qmetric qspace q(X, 𝑞ℳ,*) qwith 

q(FM-6). q qIf qthere qexists qa qnumber qh q> q1 qsuch qthatqM(xn+1, qxn, qxn, qht) q≤ 

qM(xn+2,xn+1, qxn+1,  qt) qfor qall qt q> q0 qand 

 qn q= q1,2…q.Then q{xn} qis qCauchy qsequence qin qX. 

Lemma: q2.7 

If qfor qall qx,qy,z X, qt q> q0 qand qfor qa qnumber qh q> q1, qℳ(x, y, qz, ht) q≤ 

qℳ(x, y, z,t) qthen 

 qx q= qy= z.. 

3. Main qresults 

Theorem q3.1: q 

Let q(X, 𝑞ℳ,*) qbe qa qcomplete qgeneralized qfuzzy qmetric qspace qwhere q* qis 

qcontinuous qt-norm qand qsatisfies qt q* qt q≥ qt qfor qall qtq[0, q1]. q qLet qA, qB, qS 

qand qT qbe qself qmappings qof qa qgeneralized qfuzzy qmetric qspace qsatisfying qthe 

qfollowing qconditions: 

(3.1.1)  For qall qx, qy, qz qX q, qt q> q0 qand qh q q> q1. 

ℳ(Ax,By,Bz,ht) q≤ qmin{ℳ(Sx,Ax,Ay,t),ℳ(Ty,By,Bz,t),
 𝑞𝑟ℳ(Sx,qBy,qBz,t)+sℳ(Sx,Ty,Tz,t)

𝑟ℳ(By,Ty,Bz,t)+s
}, 

whereqr,s q q0 qwith qr qand qs qcannot qbe qsimultaneously q0. 

(3.1.2) q  Pairs q(A,S) qand q(B,T) qsatisfy qcommon qE.A. qLike qproperty. 

(3.1.3) q  Pairs q(A,S) qand q(B,T)are qweakly qcompatible. 

Then qA, qB, qS qand qT qhave qa qunique qcommon qfixed qpoint qin qX. 

Proof: 

Since q(A,S) qand q(B,T) qsatisfy qcommon qE.A. qLike qproperty, qtherefore qthere 

qexist qtwo qsequences q{xn} qand q{yn} qin qX qsuch qthat lim
𝑛→∞

Axn q= q lim
𝑛→∞

Sxn q= 

q lim
𝑛→∞

Tyn q= q lim
𝑛→∞

Byn q= qw, qwhere qw q qS(X)T(X) qor qz q qA(X)B(X). 

Suppose qz q qS(X)T(X), qnow qwe qhave lim
𝑛→∞

Axn q= qw q qS(X) qthen qw q= qSu 

qfor qsome qu q qX. 

Now, qwe qclaim qthat qAu q= qSu, qformq(3.1.1) qwe qhave, 

ℳ(Au,Byn,Byn,ht) q≤ qmin{ℳ(Su,Au,Ayn,t), 𝑞ℳ(Tyn,Byn,Byn,t), 

 q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q 

q
 𝑞𝑟ℳ(Su,q qByn,qByn,t) q q+ qsℳ(Su,Tyn,Tyn,t)

𝑟ℳ(Byn,Tyn,Byn,t) q+ qs
}. 

Taking qlimit qn q∞, qwe qget 

ℳ(Au,Byn,Byn, qht) q≤ q qmin{ℳ(w,Au,w,t), 𝑞ℳ(w,w,w,t),
 𝑞𝑟ℳ(w,w,w,t) q+ qsℳ(w,w,w,t)

𝑟ℳ(w,w,w,t) q+ qs
} 
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       ℳ(Au,w,w,ht) q≤ q qmin{ℳ(w,Au,w,t),1,1} 

       ℳ(Au,w,w,ht) q≤ q qℳ(w,Au,w,t) 

       ℳ(Au,w,w,ht) q≤ q qℳ(Au,w,w,t). 

Lemmaq(2.7) qimplies qthat qAu q= qw q= qSu. 

Since qthe qpair q(A,S) qis qweak qcompatible, qtherefore qAw q= qASu q= qSAu= qSw. 

Again, q lim
𝑛→∞

 𝑞𝐵𝑦n q= qw q qT(X) qthen qw q= qTv qfor qsome qv q qX. 

Now, qwe qclaim qthat qTv q= qBv, qfromq(3.1.1) qwe qhave, 

ℳ(Axn,Bv,Bv,ht) q≤ qmin{ℳ(Sxn,Axn,Av,t),ℳ(Tv,Bv,Bv,t), 

 q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q 

q
 𝑞 𝑞 𝑞𝑟ℳ(Sxn,qBv,qBv,t) q+ qsℳ(Sxn,Tv,Tv,t)

𝑟ℳ(Bv,Tv,Bv,t)+ qs
}. 

Taking qlimit qn q∞, qwe qget 

ℳ(w,Bv,Bv,ht) q≤ qmin{ℳ(w,w,Av,t), 𝑞ℳ(w,Bv,Bv,t),
ℳ(w,qBv,qBv,t) q+ qℳ(w,w,w,t)

ℳ(Bv,w,Bv,t)+ qs
}, 

ℳ(w,Bv,Bv,ht) q≤ qmin{1, ℳ(w,Bv,Bv,t),1 q} 

ℳ(w,Bv,Bv,ht) q≤ℳ(w,Bv,Bv,t) 

ℳ(Bv,Bv,w,ht) q≤ℳ(Bv,Bv,w,t) 

Lemmaq(2.7) qimplies qthat qBv q= qw q= qTv q= qAv. 

Since qthe qpair q(B,T) qis qweak qcompatible, qtherefore qTw q= qTBv q= qBTv q= qBw. 

Now, qwe qshow qthat qAw q= qw, q qfromq(3.1.1) qwe qhave, 

ℳ(Aw,Byn,yn,ht)≤ qmin{ℳ(Sw,Aw,Ayn,t), 𝑞ℳ(Tyn,Byn,Byn,t), 

 q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q 

q
 𝑞𝑟ℳ(Sw,qByn,qByn,t)+ qsℳ(Sz,Tyn,Tyn,t)

𝑟ℳ(Byn,Tyn,Byn,t) q+ qs
}. 

Taking qlimit qn q q∞, qwe qget 

ℳ(Aw,w,w,ht) q≤ qmin{ℳ(Aw,Aw,Aw,t), 𝑞ℳ(w,w,w,t),
 𝑞𝑟ℳ(Aw,w,qw,t) q+ qs qℳ(Aw,w,w,t)

𝑟ℳ(w,w,w,t)+ qs
} 

ℳ(Aw,w,w,ht) q≤ qmin{1,1,
 𝑞𝑟 𝑞ℳ(Aw,w,qw,t)

𝑟 𝑞ℳ(w,w,w,t)+s
} 

ℳ(Aw,w,w,ht) q≤ℳ(Aw,w,w,t). 

Lemmaq(2.7) qimplies qthat qAw q= qw. 

Now, qwe qshow qthat qBw q= qw, qfromq(3.1.1) qwe qhave, 

ℳ(Axn,Bw,Bw,ht)≤ qmin{ℳ(Sxn,Axn,Aw,t), 𝑞ℳ(Tw,Bw,Bw,t), 
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 q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q 

q
 𝑞𝑟ℳ(Sxn,qBw,qBw,t)+ qs qℳ(Sxn,Tw,Tw,t)

𝑟 𝑞ℳ(By,Tw,Bw,t)+ qs
}. 

Taking qlimit qn q q∞, qwe qget 

ℳ(w,Bw,Bw,ht) q≤ qmin{ℳ(w,w,w,t),ℳ(Bw,Bw,Bw,t),
 𝑞𝑟ℳ(w,qBw,qBw,t)+ qs qℳ(w,Bw,Tw,t)

𝑟ℳ(Bw,Bw,Bw,t) q+ qs
} 

ℳ(w,Bw,Bw,ht) q≤ qmin{1,1, 𝑞ℳ(w, qBw, qBw, t) 

ℳ(w,Bw,Bw,ht) q≤ℳ(w, Bw, qBw, t) 

ℳ(Bw,Bw, qw, qht) q≤ℳ(Bw, Bw, qw, qt) 

Lemmaq(2.7) qimplies qthat qBw q= qw. 

Hence, qAw q= qSw q= qBw q= qTw q= qw. 

Thus qw qis qa qcommon qfixed qpoint qofqA,B,S qand qT 

To qprove quniqueness qwe qsuppose qthat qp qand qq qare qtwo qcommon qfixed qpoint 

qofqA,B,S qand qT qsuch qthat qp q≠ qq, qthen qfrom q(3.1.1) qwe qhave, 

ℳ(Ap,Bq,Bq,ht) q≤ qmin{ℳ(Sp,Ap,Aq,t),ℳ(Tq,Bq,Bq,t), 

 q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q 

q
 𝑞𝑟ℳ(Sp,qBq,qBq,t)+sℳ(Sp,Tq,Tq,t)

𝑟ℳ(Bq,Tq,Bq,t)+s
} 

ℳ(p,q,q,ht) q≤ qmin{ℳ(p,p,q,t),ℳ(q,q,q,t),
 𝑞𝑟ℳ(p,q,q,t)+ qs qℳ(p,q,q,t)

𝑟 𝑞ℳ(q,q,q,t) q+ qs
} 

ℳ(p,q,q,ht) q≤ qmin{1,1, qℳ(p,q,q,t) 

ℳ(p,q,q,ht) q≤ℳ(p,q,q,t) 

Lemmaq(2.8) qimplies qthat qp q= qq. q 

Corollary: q3.2 

Let q(X, 𝑞ℳ,*) qbe qa qcomplete qgeneralized qfuzzy qmetric qspace qwhere q* qis 

qcontinuous qt-norm qand qsatisfies qt q* qt q≥ qt qfor qall qtq[0, q1]. q qLet qA, qB, qS 

qand qT qbe qself qmappings qof qa qgeneralized qfuzzy qmetric qspace qsatisfying qthe 

qfollowing qconditions: 

(3.2.1) q  For qall qx, qy, qz q qX q, qt q> q0 qand qh q q> q1. 

ℳ(Ax, qBy, qBz, qht) q≤qmin{ℳ(Sx, qAx,Ay, qt),ℳ(Ty, qBy, 

qBz,t),
 𝑞𝑟ℳ(Sx,qBy,qBz,t)+sℳ(Sx,Ty,Tz,t)

𝑟ℳ(By,Ty,Bz,t)+s
}, 

whereqr,s q q0 qwith qr qand qs qcannot qbe qsimultaneously q0. 

(3.2.2) q  Pairsq(A, qS) qand q(B, qT) qsatisfy qcommon qE.A. qLike qproperty. 

(3.2.3) q  Pairsq(A, qS) qand q(B, qT) qare q qsemi- qcompatible. 

Then qA, qB, qS qand qT qhave qa qunique qcommon qfixed qpoint qin qX. 
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