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A boundary value problem for a second-order system of "n' singularly perturbed delay differential equations is regarded
in this article. This problem's solutions has boundary layers at x=0 and x=2 and inner layers at x=1. To handle the
problems, a computational analysis based on a finite element method generally accessible to a piecewise-uniform
Shishkin mesh is provided. It is shown that the procedure is almost second order convergent in the energy norm uniformly
in the perturbation parameters. The hypothesis is supported by numerical examples.
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1. Introduction
We consider a boundary value problems for a system of *n’ singularly perturbed delay differential
equations of reaction-diffusion type in this article. We developed a numerical method that resolves
not only the normal boundary layers but also the interior layers caused by the delay terms, using a
finite element method on a suitable Shishkin mesh. To be more general, the system of singularly
perturbed boundary value problems can be viewed.
The self-adjoint two-point boundary value problem that corresponds is

—EW"(x) + AU + B)U(x—1) = f(x) on (0,2),
with
@=¢on[-1,0] and u(2) =1 (1.2)
where ¢ = (¢4, o, ..., dp)Tis sufficiently smooth on [—1,0]. For all x € [0,2], &=
Uy, Uy, )T and f = (fy, for s f)T. E and A(x) are nx n matrices, E = diag (8),
&= (g, ep)Witho < g <1foralli=1,..,n.
The parameters are assumed to be distinct and, for convenience, to have the ordering

& << &y
For the sake of simplicity, cases in which any of the conditions coincide are not included here. In
these cases, the number of layer functions and, as a result, the number of transformation parameters
in the Shishkin mesh defined in Section 2 is decreased.
For all x € Q, it is assumed that the components a;j(x) of A(x) and b;(x) of B(x) satisfy the
inequalities

n

a;;i(x) > Z|aij(x) + bl-(x)| for1< i< nand a;;(x),bj(x) < 0 for i#j (1.3)
VE
j=1
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and, for some «a,

n

0<ax< xrerhl)r}]< |al~j(x) + bi(x)|>. (1.4)
1<isn \J=1

It is assumed that a;;, by, f; € CP(Q), for i,j = 1,..,n. Then (1.1) has a solution % € C(Q) N

COWQNCc®E@Q uah.

It is also assumed that

Jen < g. (1.5)

The problem can also be rewritten in the form
i =—Eu"(x)+AG)u) = f(x) —Bx)(x—1) = G(x) on (0,1) (1.6)
L,i=—-Eud" (x)+A)U(x) + B(x)i(x — 1) = f(x) on (1,2) (1.7)
7(0) = $(0), ©(2) =1, u(1-)=u(1l+) and V@A -)=u'(1+) (1.8)

The finite element method has been analyzed. Let V represent a given Hilbert space with a norm of
II. Il and scalar product (-,-). V is usually regarded as a subspace of the Sobolev space H(Q).
Consider the following weak formulation, find % € H}(Q)™ in particular w; € H}(Q~ u Q*) for
i =1,...,nsuch that

BLi(wi (0, vi(®) = g (), Vv (x) € HY(Q) (1.9)
B (000, vy () = —e,(u} (), v} () + (Z (a5 0w @), vi(x)>
j=1

and

G = (£(0,1:00) ~ (b = D), v:(0)

where (u;(x), v;(x)) = folui(x)vi(x)dx.

Boi(wi(0), vi(x)) = fi(v)(x),  Vvi(x) € H5(Q) (1.10)

n

B2 (w00, v:(30)) = =& (uf (), v} (1)) + (Z (a0 (), v, (x)) + (b (x = 1), v,(x))

j=1

and fiw) ) = (fi,(0), v:(0)

where (u;(x), v;(x)) = f12 u; (x)v;(x)dx.
Bai(w;(x),v;(x)) and By (u;(x),v;(x)) are bilinear forms on H3(Q~ U QY™ and g;(v;)(x),
fi(v))(x), given continuous linear functionals on H3 (Q~ U Q™)™
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Lemmal.1l
Suppose that the bilinear forms g, ; (u; (x), v;(x)) and B, ; (u; (x), v;(x)), i = 1, ..., n, is continuous
on H}(Q~ u Q%)™ is coercive, that

|8y, (ui (), v; ()| < v |lw; G| [lv; (| (1.11)
Bri(vi(0), v:(x)) = & Il v;(x) 112 (1.12)
|.82,i(ui(x):vi(x))| < V2||ui(x)|| ||vi(x)|| (1.13)
B2,i(vi(0), () = a Il v; (x) 112 (1.14)

where a, y; and y, are constants that are independent of u; and v;. Then for any continuous linear
functional f;(-) and g(.), the problem (1.9) and (1.10) has a unique solution.

A natural norm on H§(Q~ U Q™)™ associated with the bilinear form B ;(-,) and B,;(.,.) the
energy norm

v 12,= (e v 13+ a 1l v 113)

1 1
where || v; lIli= (v{,v))z, | v; llg= (v;, v;)z on HJ(Q~ U Q)™

Lemma 1.2 A bilinear functional B, ;(u;(x), v;(x)),and By ;(u;(x), v;(x)), i = 1, ...,n, satisfies
the coercive property with respect to

v 13,< B; (v, v)
Proof: Fori=1,...,n

n

Bi(v;,vy) = —&;(vi,v}) + Z(aij”j)'vi

j=1

1 n

=& ” 14 ”%+f Z(auv]) © U dx
0 =

> & v 13+ a ll v 113

2. The Shishkin mesh
A piecewise uniform Shishkin mesh with N mesh-intervals is now constructed on Q- U Q% as

ﬂ—l —N
follows. Let Q¥ = Q=N ua+t"where QN = {xk};ﬂ,ﬂ*’N = {xk};:/:—& Q ={x ¥, and

2+1’
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—N
I'N =T. The mesh Q is a piecewise uniform mesh on [0,2] that was generated by dividing [0,1]
into 2n + 1 mesh-intervals as follows:

[0,0;]V ..U (0y,—1,0,]U (6,1 —n]U(1 - 0,1 —0,_4] U ..U — 0y, 1].

The points separating the uniform meshes are determined by the n parameters o, which are defined

1
by oo = 0,051 = >

(1 2y&
o, = mm{z, Nz lnN} (2.1)
and, forr=n-1,...,1,
o, = {ZUJ:*;,Z\‘//_fln N}. (2.2)
Clearly " 3
0<01<---<anSZ, ZSl—an<--~< 1-0; <1.

Then a uniform mesh of % mesh-points is placed on the sub-interval (n,1 — o,,],and a uniform

mesh of % mesh-points is placed on each of the sub-intervals (o,, ,.41] and (1 — 6,41,1 — ],
r=20,1,...,n — 1, respectively.
The remaining was generated by dividing [1,2] into 2n 4+ 1 mesh-intervals as follows:

[11+7]JUu-U(@+1 ,1+7]UQ+7,2—-1,]UQR—7,2 —Tp_1] U U (2 —14,2].

The points separating the uniform meshes are determined by the n parameters t,., which are defined

1
by 79 =0,Tp41 = >

n {2, 2% 0y 2.3
T, = min R n (2.3)
and, forr=n-1,...,1,
ren (TTri1 24/E
T, = miny——,——InN. (2.4)
r+1 a
Clearly 1 3
1<1+Tl<---<1+rnS1+Z, 1+ZS2—‘L’n<"'< 2—11 <2.

Then a uniform mesh of % mesh-points is placed on the sub-interval (1 + 7,2 — 7,,], and a
uniform mesh of ;V—n mesh-points is placed on each of the sub-intervals (1 + 7,.,1 + 7,..4] and
2-1741,2—1,], r=0,1,...,n— 1, respectively. In practice, it is convenient to take

N =8ns  §2=3, (2.5)

where n denotes the number of distinct singular perturbation parameters involved in (1.1). This

. . . . . —N
produces a class of 21 piecewise uniform Shishkin meshes Q . When all of the parameters o,
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—N
and 7, r = 1,...,n are set to the left, the Shishkin mesh Q becomes a classical uniform mesh
with the transformation parameters o,., 7,, and a scale N~ from 0 to 1.

The following inequalities hold for the mesh OV, s=1,..,n—1

2
hksﬁforlskSN
1 N 3N 5N 7N
thNfOF §S kS? and ?S kﬁ?
o<t for 1< k<™ and Nl 2.6
k= for 1= k=2 an g = k=3 (2.6)
oLl N SN N
k_N Or2_ _8 an 8 = =
he > — fi << d(l N><k<<1 N )
k=g8s " B+ “Tg) 8s)) = = 8+ 1)
neos N for 14 cr<1+ D d<2 N)<k<<2 N )
k=gs ' TTEs+D - T T ™ 8(s)) = = 8(s + 1)
o< fori<k<2 d(l N )<k<N
TS i TS S s+ - "=7
N N
hy <—— for —< k<1 d<2——)SkSN.
k=8(s) ) +8(5+1) an 8(s+1)

3. The discrete problem
In this segment, a humerical method for (1.9) and (1.10) are constructed using a finite element
method with a suitable Shishkin mesh. Let fori =1,2,...,nand k =1,2,...,N — 1\{%},Vi_k C
H(Q™ u Q*)™ be the space of piecewise linear functionals on Q~ U Q¥ that vanish atx = 0,1 and

2.
The finite element approach is now established for the discrete two-point boundary value problem,

Uik € Vik
B1i(U; (), vi(x)) = gi(v)(x), VY wi(x) € HF(27) 3.1

n

B (Ui, (@) = ~& (Ui, Vi) +| ) (a5 @U;0), 0w

j=1
and
G = (0, m@) ~ (@Y = D), w@)
B2i(Ui(0), (1) = fiw) (), ¥ wi(x) € HE(@Y) (3.2)
B2, (Ui(0), 01 () = =&, (U} (0, v{ () + <Z (a;;(0U;(0)) v (x)) + (b (U (x = 1),1,(0))
j=1
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and
fiw) () = (fi(x), vi(x)).
By Lax-Migram, Lemma implies that
1. The discrete problem has a unique solution,
2. The discrete problem is stable.
From (1.3) on A implies that for arbitrary x € (@~ U Q%)

§TAE > alT¢ vV Eon V)
where V", is dual space for V; ;.
Let {¢;p:k=1,--,N—1} be a basis for V;, € H'(Q~ U Q*), where N =N(ik)is the

dimension of V; .. U; , € HE Q™)
N
—1

2
Uik = Z Cixbik
k=1

where the unknowns C;  satisfiy the linear system
AU =B
with A = By ;((di e, Pik, ), U = Cipe B = gi(Dir)-

The corresponding difference scheme is

ﬁ1,1(¢1,1,¢1,1) .81,1((51,1'(1’1,2) = P1a <¢1,1'¢n‘¥_1) Cis / (91'4’1,1) \
Bia(P12 D11) Bra(Pr2 P12) - Bua (¢1,2'¢n_%_1> C?’z = | (91'?’1,2) |
) s )

Bun (B0 0n1) Bin (6,8 4 #n2) = Bun (@ 8,0 ,) z

Fork = 1,...,%—1

¢1,k = ¢2,k == ¢n,k

Cir=Cor == Cyur-

The non-zero contribution from a particular element is

Xk Xk
j Bk biprd j Bk dida

- Xk-1 Xk-1
ik — Xkt1 Xk+1 ’
i Pirdx ik Pirr1dx
Xk Xk
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Similarly, the local load vector is

Xk+1
/ f gt-d)i,kdx \
| Xk+1 |
\ gl'¢i,k+1dx/

Xk

and for U; , € HE (@*")

——1
lk - Z Clk¢lk + Z Clk¢lk

k=—+1

where the unknowns C;  satisfiy the linear system
AU =B
with A = B (bik, Pik,)s U = Ci B = fi( Dir)-

The corresponding difference scheme is

/321 1, +1 1 +1) ﬁ21<¢1N+1‘ﬁ1N+2) ﬁ21(¢11'¢nN 1) C ¥+1 / ﬁj¢1N+1 \

Ban (8,2 ¢1N+1) 321<¢1N+2 b1,) - Baa(@rz bun- 1) Cl% f1,¢>1N+2

1+2

.82n(¢1N 1v¢n1) ,32n(¢nN 1r¢n2) .Bz,n(‘d)n,N—l'd)n,N—l) CnN ! (fn'(l’nN 1)

Fork=1,..,N—1
¢1,k = ¢2,k == ¢n,k

Cir=Cor == Cyur-

The non-zero contribution from a particular element is

Xk
(f ¢lk__ 1 ¢i, _N_ + Pik-1-Pix-1dx f ¢i,k—%—1'¢i,k—%+ ¢i_k_1.¢i_kdx\

A Xk—-1 Xk—1
Xk+1 Xk+1 .
\ f Pipett Py e+ Pije- Pl J’ b b Nt ik Pigrrdx /
Xk 2 2 Xk 2 2

Similarly, the local load vector is

Xk+1
j o big + firdir dx
Bi,k = ;C:ﬂ '
f oo b + o Purn dx

Xk

4555



International Journal of Aquatic Science I
ISSN: 2008-8019
Vol 12, Issue 02, 2021

_N X N Xe+1 N
For k = =, the local load vector (ka_lgl. (2 1) dx + ka fi (2 + 1) dx) /2
4. Interpolation error bounds
Lemma 6.1. Let uj, be the V; ,-interpolant of the solution u; ; of (1.1) on the fitted mesh Q~.

Then
max sup

i=1,.,n0<g< 10tk
where C is a constant independent of the parameters ¢;.
Proof: The estimate is obtained separately on each subinterval Q, = (x;_1,x;) € QU QT,
k=1,..,N =1\ {%} Note that for any function g; , on €
Jik = Gik-1Pik-1+ JikPik

— U lpv< C(N7HinN)?,

and so it is obvious that, on €,

(4.1)

< max

and it is easy to see that by using sufficient Taylor expansions

|97 () = glk(x)|<Chk Q |g (). (4.2)

Fori =1,...,n from (4.2) and using Lemma 3 in [11], 0n Q; € O~ U O,
. max, , hi
|ui s () = ug ()| < Chi, O |ui ()| < Cf (4.3)

i

Also, using Lemma 2.3, Lemma 2.4 and Lemma 2.50n Q;, € Q~, fork =1, % -1

u () — Uik (x)| = |77i*,k () + Wi () — v (x) — Wi,k(x)|

= |vi*,k(x) - Vi,k(x)| + |W£fi(x) - WiL,k(x)| + |Wi>’:£(x) - Wfk(x)|

< Ch; r?lix|v{,'k(x)| + Chg rgax|wf;c’(x)| + Chk Q Wlk (X)|

<cC 1+231,q(x) +zB“’(x)+zB“’(x) (4.4)
=i q=i

q=i

2,/enInN 1 2,/enInN

The discussion now centers on whether >-0or ——< 1 should be used. In the first
Ja 4 Va 4

case % < C(InN)? and the result follows at once from (2.6) and (4.3). In the second case o, =

2. /enInN 2(d—-2n)

Va

and therefore

. Suppose that k satisfies% < k< % Then hy, =
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op < 1—x;,and so
Va(1-xi) Vaoy,
e Vi < e Vo= 2N = N2 (4.5)
Using (4.5) and (2.6) in (4.4) gives the required result.
On the other hand, if k satisfies 1 < k S% and % <k Sg and r=n—-1,...,1, then the

VérInN > TOri1 0 ZN/EIHN < TOri1
Va r+1 Ja r+1

first case gl < C(In N)? and the result follows at once from (2.6) and (4.3).

In the second case o, = 2\/e_rlnN/\/_ andfors=1,..,n— 2,

discussion now centers on whether 2 should be used. In the

N
1. suppose that k satisfies —— ( D < k< mand d— (8( )) < k< 1- (8( +1)) Then hy =
81ori1=9%) ang g, < 1 — x, therefore
N
h o o
—k _gpN-1tL T (4.6)
& &r
Using (4.10) and (2.6) in (4 4) gives the required result.
2. If k satisfies 1< k < and 1 (L) < k<2 then hy =8n'Z=%) ang
(s 1) 8(s+1) 2 N
therefore
h Opp1 — O,
_k = 8nN_1(r+1—r) (47)
& &

Using (4.11) and (2.6) in (4.4) gives the required result.

Also, (4.3) using Lemma 6 and Lemma 7 are in [11] on Q,, € Q*, for k = %+ 1,..,N—1

iy () = uge ()] = + V] () + Wi () — v (X)) — wie (0]

U:k_ﬂ(x)+w* N(x)—v, N(x)—w, N(x)

’ 2

< v, w0 v, N<x>| |w W@ —w @]+
k=3 k

Wik (X) wl‘k(x)| + |wl‘ (x) l‘k(x)|

max " max
2 L 2

+Ch* v W w(X)|+Ch" vQ »
k—; k—; lk—E k—; k—;

N(x) w} N(x)

+|vl-*_k(x)—

) max

< Ch vQ w
k—; k—;

v k_g €9

i,

7
Wl k—g (X)

max
+ChZ Q, |v (x)|+Cth |wlk(x)|+Ch Q |wlk(x)|

<cC <1+§:B1,q(x)>+§n: Biq @) ZBiq(x)
o=t !

q=i q=i q
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i

. . 1 1 .
The discussion now centers on whether Z‘/S—THN > % or Z‘/E—THN < i should be used. In the first

case % < C(InN)? and the result follows at once from (2.6) and (4.3). In the second case t,, =

<<1+232q(x)> i qm*szq(X)> 48)
Z

2‘/8—\’/%1“ Suppose that k satlsfles < k< Then h, = 20-2%n) and therefore
hk ZN_1 1-— 2Tn’
gn g‘l’l

T, < 1—x,andso
\/&(1—961() \/&Tn

e Vi < e Ve = g72InN = N2 (4.9)

Using (4.9) and (2.6) in (4.8) gives the required result.
On the other hand, if k satisfies %s k < % and % < k<Nand r=n-1,..,1, then the

VérInN < TTria VérInnN < ITraa

discussion now centers on whether 2 > or2 < should be used.
Ja r+1 Ja r+1
In the first case gl < C(InN)? and the result follows at once from (2.6) and (4.3).
In the second case 7, = 2\/§lnN/\/_ and fors =1,. -2,
N
1. suppose that k satisfies —— ( 1) < k< mand 1- ( (s)) <k 1- (8( +1)) Then hy =
8=t ang ¢, <yl — x; therefore _
K_gpNt LT (4.10)
gr ET

Using (4.10) and (2.6) in (4 8) gives the required result.
2. Ifk Satisfies < k< ) < k<N-— 1, then hk =8n (Tr+I1V—Tr) and

therefore

N
8(s +1) and 2 — (8(s+1)

h Trp1— T
_k _ 8nN—1M (4.11)

&r &r

Using (4.11) and (2.6) in (4.8) gives the required result.

For k = the source tererlé‘ass ed q)) dx + kaHf (ﬂ + 1) dx> /2
\2

hi = (hg—1 + hys1) /2, hye—q = (xk.—l — Xk—2) and
8n(o, — op-1) 8n(r, —71)
hir1 = (a2 — Xgg1)s M1 = T' k41 = T
hi  (Rg—1+hee1) 8 N"((0, —0pq) + (1 — 11))
M _ _ (4.12)
Sl' ZEL' €i

Using (5.12) and (2.6) in (4.8) gives the required result.
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Lemma 4.2. Let uj, be the V; -interpolant of the solution w; ; of (1.1) on the fitted mesh Q".

Then
max sup .
i=1..,n0<g<1l e Uikl
where C is a constant independent of &;.
Proof:
Fori =1, ...,m from the definition of the energy norm

< C(N~InN)?,

1 1A
iy — e 12 = & ((uie —win) s (wie — win) )
+a ((u;k_ﬂ — Uy u;k_% - ui'k_%) + (W — wipo Uiy — ui,k)>. (4.13)

2

Each term on the right is now treated separately. It is easy to see that the second term satisfies

* * * 2
u —-u, ,U —-u, <llu —Uu, 4.14
( ey U B ) <11 et | (4.14)
* * * 2
(Ui —uppeo Ui, — wip) <Uufp —ugg 12, (4.15)

Using integration by parts and noting that (u;, — u;x)(x;) = 0, for each k, the first term can be
bounded as follows

N-1
& ((uzk ulk) (uzk ulk) =& z f Lk (5) Lk(s))

k=13 Yima
N-1
Z [ (i = i) @i5) =~ ugeloas
k=1k ig Xi-1
-1

f 45 (5) (114) — s (5)) ds
k= 1k¢ﬁ Fima
= (Ez Ui U ui,k)'

where the fact that u;-*,’,; = 0 on each ; has been used.

The estimate for the second derivative of the components of u; , are contained in [11], using
lemma 6 and lemma 7 in [11] then gives

2
|(€z lk' lk uzk)|<"uzk_ulk"f Sl|ulk|ds+f Sllulk|ds
1
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* *
| (i il uie — i) | S uie — wi
1
L,” R,”
I f (Ellvlukl T & |Wi,k | T & |Wi,k ds
0
2 " L n R 12
+ (ei|vi,k| + g |Wi7,'< | + g |Wi_,; D ds
1

< Clh e — g

IIJ;1 <1+zn:81,q(s) +Ci@+€i@ ds

q:i q:i q q:i q
2 - BL (s  BR (s
+f 1+231q(s) +CZL()+CZL() ds
1 - L &g &g
q=i q=i q=i
2 - BL (s  BR (s
+f 1+232q(s) +CZL()+CZL() ds
1 e — &g — &g
q=i q=i q=i
< Cllujp —upg ll,
and so
* ! * 4 *
e (uin = win) s (Ui —win) ) < € My = uge . (4.16)

Combining (4.13) — (4.16) leads to

g = wipe 12,S C g — w1 (1 + @) e — ugye 1)

and the proof is completed using the estimate of Il u;, — u; Il from Lemma 4.1.

Lemma 6.3. Letu;; be the V; -interpolant of the solution w; , of (1.1) on the fitted mesh o+,
Then

max sup . . 5
i=1.,n0<g<1 Mtk Urll gv=CWN" N

Proof: Since u;; (xx) — u;x (xx) = 0, it follows from the definitions of the norms that

* 2 _ * ! * ! * 2
g = wgpe 7 v= & ((ui,k —Uik) s (Ui — Uik) ) =l uipe — uire Ml
1
Using the estimate in Lemma 4.2 completes the proof.

5. Interpolation error estimate
Lemma 5.1. Let u;, be the solution of (1.1) and U;  the solution of (3.1) and (3.2). Suppose that
Vi € HE@™). Then

i :rrllla.).(”nlﬁl,i(Ui,k — Ui ks vi)| SC(N"TInN)2 | Vik ||12(Q—N);
(=1, B2V = i v S €N RN W vl gony,

where the constant C is independent of ¢;.

4560



International Journal of Aquatic Science I ﬂS
ISSN: 2008-8019

Vol 12, Issue 02, 2021

Proof: Since v;isinV; € HE(Q~N), the proof resembles that of Lemma 7.1 in [12].

max _
i=1, "_’nlﬁl,i(Ui,k ~ Ui, v)| S C(NTHIN)? | vy lz(q-ny,

Since v; isinV; € H&(QJ“N), it can be written in the form
N

-1
4 zvlk¢lk+ Z VikPik
k=1 k——+1
and so
-1
N-1
Boi (Ui —wipv;) = Z Vi Bri(Uik — Uijo Pix) + z ViBoi(Uik — Ui i) (5.1)
k=9+1

Then, foreachk, 1< k< N — 1\{%}, using (1.1), (3.1) and (3.2) and the fact that (1, ;) v =

(1 ¢Lk) — hk+hk+1
n n
32,i(Ui,k — Uik ¢k) = Z(aij Usger ¢i,k) + (biui‘k_ﬁ' ¢i.k> - (Z(aijui,k' ¢k) + (biui,k_ﬁ' (/’i,k))
=1 2 = ?
n n
= Z (aijuj,k(xk): bir + biui‘k_% <xk_%> ) ¢i,k> - (Z( QiU Pi) + biui‘k_% Dik)
j=1

=1
n
= Z (aijuj,k(xk) — U Pir + biuik_% (xk_%> ) ¢k)

j=1
Since

|uj,k(xk)_uj,k| = < I,

Xk
f uJ’-l K (8)ds
X

where

Xk+1
I = f |u;,k(s)|ds,

Xk—1

it follows from (2.6) that

Boi(Uije — Uips Pix)| < C (e + N7, (5.2)

Assume for the moment that

(hy + hys1)
2

I, < CN“InN. (5.3)
Then (5.1)-(5.3) and the Cauchy-Schwarz inequality give

1
(hi + hy41)2

(hy + hk.+1)2
it by,

B2, (Ui — wipovi)| < CN~InN Z

k= 1k¢—
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< CN7'InN | vy Ity
as required.
It remains therefore to verify (5.3). From the estimate are contain Lemma 3 in [11], for the first

derivative of the solution, it is clear that

Xk+1 _ 1
I < cf 2(u @ lip +1 £ llg)dx.

Xk—1

It follows that

(hk + his1)
S C———"/ =, (54)
and that
Va(l—xg41)
h, +h =t
I < C%H Ven (5.5)
, N . . zﬁlnN d
Fori=1,....nk=1, “"E_ 1, then the discussion now centers on whether Z or

2‘/5% < % In the first case —— < C(In N)? and the result follows at once from (2. 6) and (5.5).

J—

1
In the second case o, = \/5 v . Suppose that k satlsfles ¥ <k <3 Then hy, = = 2d-20n) NZ"“) and
therefore
hye _ oyt (d - Zan)’
&n &
0n < 1 —xp4q,and so Va(1-xg41) Ja@a,
e Vi <e Ve =e"2InN = N-2, (5.6)

Using (5.6) and (2.6) in (5.5) gives the required result.
On the other hand, if k satisfies1 < k < %and % < k< %and r =n—1,...,1 then the argument

24/e-In N S TOr+1 or 2 InN < T9r+1

now depends on whether

Vva o T or+1 va o T or+1
In the first case \/__ < CIn N and the result follows at once from (2.6) and (5.5).
In the second case o, = 2‘/8_\;&1“1\’ andfors=1,..,n—2.
N
(1) Suppose that k satlsfles D < k< m and d — ( (S)) <k 1- (8( +1)) Then
hy, = SnW’lTGT and o, < 1 — x,, therefore
hk Or+1 — Oy
=8nN"1 —— (5.7)
Ver Ver

Using (5.7) and (2.6) in (5.5) gives the required result.
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(2) If ksatisfies1 < k <

andd — ( al ) <k< g then hy, = 8"(Gr+1m and therefore

N
8(s+1) 8(s+1)

hk — 8nN-1 (0r+1 - Jr)

Ve Ve
Using (5.8) and (2.6) in (5.5) gives the required result.

(3) Finally, suppose that k = {8(5) d— (8(5)) uk d—(%)}. Then

k k+1
I < (f +f ) |uj i |dx < Le—y + Ler
k-1 k

< CN'InN

(5.8)

\/e—nlnN (1-d)
4

Fori=1,..,nk= ﬂ + 1, ..., N — 1, then the discussion now centers on whether

zﬁlnN (1- d)
4

In the flrst case —— < C(In N)? and the result follows at once from (2.6) and (5.5).

\/_

In the second case t,, = ‘/_ nv . Suppose that k satisfies 2 < k <2 Then h, =

2(1-21p)
N

and
therefore

Tp < 1 —xk4q, and so
Va(l-xg41) Vaty,

e Vo <e Ve —g72IN — -2 (5.6)
Using (5.9) and (2.6) in (5.5) gives the required result.
On the other hand, if k satisfies gs k < % and % < k<N and r =n—1,...,1then the

2&InN S TTrea or 2y InN < TTre

argument now depends on whether

Vva o T or+1 va o T or+1 ]
In the first case \/% < CIn N and the result follows at once from (2.6) and (5.5).
In the second case 7, = N‘?” andfors=1,..,n—2.
N
(1) Suppose that k satlsfles 1) < k< m and 1 — (@) <k< 1- (8( +1)) Then
hy = Sn%ﬁﬂ and 7, < 1 — x;, therefore

hk Tr41 Ty

— =8nN"! (5.10)

Ver Ver

Using (5.10) and (2.6) in (5.5) gives the required result.
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N
< ks 8(s+1)

(2) If k satisfies

% and 1 — ( ) < k < N, then by, = 8"(”+1_”) and therefore

8(s+1)

Ve VE &1
Using (5.11) and (2.6) in (5.5) gives the required result.

(3) Finally, suppose that k = {% d— (%) ,d + év—n 1- (%)} Then

k k+1
I < (f +f ) |uj i |dx < Le—y + Ler
k-1 k

< CN7'lnN
Fork = g the source terms is assumed by
Xk N Xk+1 N
(f gi(g—l)dx+f fl.<5+1>dx>/2
Xk—1 X
hi = (hgsr + he=1)/2, Ry = (o1 — Xp—2) and
_ _ 8n(o, — op-1) _ 8n(r, — 11)
hiy1 = Oz — Xgp1), hgoq = — N T T
ﬁ _ (hg—1 + hyey1) _ 4n N_l((an — Op—1) + (12— T1))
& 281’ &
Using (5.12) and (2.6) in (4.8) gives the required result.

(5.12)

6. Discretization error
Lemma 8.1. Let u;,, be the V; ,-interpolant of the solution wu; of (1.1) and U; the solution of

(5.1). Then

max .
. Lyt < -1 2
1= 1’ ___’n ” Ul,k u’l,k "t‘filﬁN —_ C(N ln N) )

where the constant C is independent of the parameters ¢;.
Proof: From the coercivity of 8, ;(,) in Lemma 1.1 and since U; j — u; ) € Vi,
Il Upp — uik ”jﬁN < CBoi(Uip — uip, Uy — uiy)
< C[B2,i(Uik = Uisoo Ui — tige) + Bai(uine — uige Ugge — i)
Using Lemma 5.1, with v; = U; , — u;j, then gives
I Ui ; — ufy ”iﬁ”s C(N"*InN)? 1| Uy — ujy ||£i’§N.

Cancelling the common factor gives
I Uige = jge Il v < C(N"1InN)?, as

required.

Theorem 6.2. Let u; ; be the solution of (1.1) and U; j the solution of (3.1) and (3.2). Then
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; :rrllaxn | Uige =gl v < CNTHRN),
where the constant C is independent of the parameters ¢;.
Proof: Since
I Ui — ik gy on <1 Ui — ugy ”si,ﬁN U — wig ”si,ﬁN'

the result follows by combining Lemmas (4.1) and (6.1).
Theorem 6.3. Let u; be the solution of (1.1) and U; ; the solution of (3.1) and (3.2). Then the
following parameter uniform error estimate holds

max sup . 5
i=1..,n0<g< 11 Uik tipll_gv= CIN2InN)

where the constant C is independent of the parameters ¢;.

Proof: Since g, < 2‘/5_\;&1”, r =n,...,1, consider k satisfies, 1< k< % and 1-

(iv—s) < k< N, s=1,..,n—1 onaneighbourhood of the boundary layers.

Using the Cauchy Schwarz inequality and Theorem 6.2,
|(Ui,k - ui,k)(xk)l = f (Ui,k - ui,k)(S)dS
Qg

| : , :
< <_f 12dS> (Erf |(Ui,k - ui'k) (S)| ZdS)
& Jqy Qg

< |Zwu I
S =l Uik — N
&, i,k Lk e, Q

5
< CN71(InN)z. (6.1)
On the other hand, suppose that k satisfies % < k< %, outside the boundary layers, h; = % and
SO

|(Uik — ui,k)(xk)|2 < N hy|(Ugg — ui,k)(xk)|2
3N

IA

4
N Z | (Ui — ui,k)(xk)|2
—h

< N Ugie = uge Wz gy,
Using Theorem (6.2) then leads to

I (Ug ke = i) Caid IS Upje — g 2 (amy
1
< CN"2(InN)2 (6.2)
Combining (6.3) and (6.4) completes the proof.

hy +hy >
(7—1 +1 n

Jhy =————hy_, = (xﬂ—z B xﬂ—z) and hy = (xﬂ+1 - xﬂ+2>
2 2 2 2 2 2 2

For k =

N
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Ly Lz Z

[IAS

2
< N hn
2

2

(13=2y) ()
Lz by Z

Using Theorem (6.2) then leads to

(tgwe)e)
bz W/ \ %

Combining (6.3) and (6.4) completes the proof.

7. Numerical lustrations

Example 8.1. Consider the BVP

—ET"(x) +A()i = f(x), for x€(0,1), u(0)=0,4(1) =0
6 -1 0
Where E = diag (&1,&,), A= < -1 5(1+x) -1 >,
-1 -(1+x%) 6+«x
£ = (e* 2,1+ x)T. For various values of

Using the general methods from [6], the £-uniform order of convergence and the &-uniform error
constant are computed by applying fitted mesh method to the example 9.1 shown in the figurel. In
the following table outlines the conclusions.

Values of DY, DN, p", p* and C;,\i fore = ;7—2, & = %,.
Number of mesh points N
n 64 128 256 512 1024
20 0.7544E-03 0.1717E-03 0.6677E-04 0.2797E-04 0.1303E-04
27 0.1786E-02 0.2975E-03 0.1115E-03 0.4510E-04 0.2050E-04
24 0.3974E-02 0.7429E-03 0.1842E-03 0.7169E-04 0.3064E-04
26 0.8120E-02 0.1769E-02 0.3029E-03 0.1139E-03 0.4607E-04
210 0.1492E-01 0.3948E-02 0.7378E-03 0.1837E-03 0.7132E-04
210 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03
212 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03
21 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03
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DN 0.2426E-01 0.8082E-02 0.1761E-03 0.3010E-02 0.1129E-03
PN 0.1329E+01 | 0.1389E+01 | 0.1453E+01 | 0.1473E+01
cy 0.9233E+00 | 0.9053E+00 | 0.7898E+00 | 0.5031E+00 | 0.5032E+00
Computed order of € uniform convergence, p* = 1.329
Computed &-uniform error constant, Cp« = 0:9233
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