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1. INTRODUCTION:

Sudden changes in their states characterize many physical problems. These sudden changes
are known as impulsive effective in the system. Integro-differential equations with impulsive
matrix dynamical systems have been considered necessary in varied applications like physics,
biological systems such as heartbeats, economics, mechanical system with impact, control
theory, etc. in 1988, Hilger introduced the calculus on time scales in his Ph.D. thesis. The
study of dynamic equations encapsulates both the continuous as well as discrete analysis of
the system. In 1960, Kalman (1960) was the first person who introduced the concept of
controllability that formed the backbone of the modern control theory, roughly speaking, a
system is known as controllable if, by using control input, it can be driven from a given initial
state to desired final form within the finite time. The Lyapunov type system is helpful for
many branches of science and engineering systems at control theory.

The principal motivation behind this paper, the results on controllability of the solution of
delta differentiable time-varying and time-invariant Volterra integro-dynamical matrix
Sylvester impulsive systems are given by

t
Y2(t) = A()Y () + Y(©)B(t) + C()U(t) + f (T1(t,5)Y (s) + Y(s)T(t, s) )As
0
+h(t,Y(t)), t € To\{tetrze,

Y(ti) =U+DY(ty), t=t,k=12,..,m (1.1)
Y(tg) = Y,
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Where T has the property unbounded above time scale with bounded
graininess, T, = [ty,0) N T, t, € T, are right dense. D, € M,(R), A (t),B(t),C(t),T,(t)
and T,(t) with dimensions n x n, n xn,n X n,nx m and n X n rd-continuous matrices
respectively. h:I x R® - R™ is rd-continuous on T, . Y(t)€R"™ is state
variable.U(t) € R™*™ is the control input. The generalized Delta derivative of Y is Y2 (t).

In the second section, we analyse some standard properties of time scale calculus also derive
basic concepts for converting a given matrix-valued system into a Kronecker product system
by using a variation of parameters. In the third section, we derive results on the controllability
for linear and non-linear of the Volterra integro-dynamical matrix Sylvester impulsive system
on time scales.

PRELIMINARIES
We recollection some fundamental definitions, notations and useful lemmas.
Definition 2.1[6] A nonempty closed subset of R is called a time scale. It is denoted by T.
We define a T interval as [a,b]ly = {t € T:a <t < b}, accordingly, we define (a,b)r,
[a,b)T, (a, b]rand so on. Also, we define T¥ = T{maxT} if max T exists, otherwise the
forward jump operator o: T — T is defined by a(t) =inf{s € T:s > t} € T with the
substitution inf{@} = supT and The graininess function u(t):T— [0, =) by
u() =o(t) —t,forallt €T.
Definition 2.2[6] Let Y: T — R and t € T*. the delta derivative of Y4(t) is the number
(when it exists), with the property that, for any £ > 0, there is a neighbourhood U of t such
that

Y (e(1)) = Y(s)] = Y4 (D)[o(r) —s]| = €la(r) —s|, foralls €U
Definition 2.3[6] If F: T* - R is said to be anti-derivative of f:T¥ — R provided
F4(t) = f(¢) fulfilled, for all ¢t € T*.Then

[, f()4s = F(t) = F(a)

Definition 2.4 [7] A function Y: T — R is called the regressive if 1 + u(t)A(t) #0 Vt €T
and the set of all regressive functions are denoted by R.Also,x is called positive regressive
function if 1 + u(t)A(t) >0V t€ T and it is denoted by R™.
Definition 2.5 [4] The right dense continuous matrices are X and Y on time scale T, then
X RY)() =X4()®Y() + X(a(r)) ®Y4()
We put the vec operator to the equation (1.1), then it is converted into a Kronecker product
dynamical system by using Kronecker product properties [4], we have

z4(t) = P(Dz(t) + Q)T () + fﬂtG(t,S)z(s)i‘:S + H(t, z(t)), t EUTL, (s, trsalT,
z(t}) = [I, ® Relz(ty), t € (ty, slr-k=1.2.....m, (2.1)

Z(tﬂ) - Z{].

Where T is a time scale with s.,t, €T are rd points with
O=so=tg<t; <8 <ty < Sy <tmss =T, 2(t) = hliﬁloz(t’*’ + h),z(t;) =
i z(t, — h),
it is representing the right and left limits of x(t) at t:tkin the sense of T, z € R™is a state
variable. R, = (I 4+ Dy))] € CrgR(M, 2,2 (R))
P(O)=[B" @I+ QA] € C.yR(My2,2(R)), and Q(t) = (I ®C) € CrdR(anxnz(]F&))
G(t,s) = [(T2 @ Iy) + (I, @ T1)] € CrgR(M,y2 2 (R))

U(t) = VevU(t) € CrqR(M,2,; (R)) and H(t) = Vech(t) € C,qR(M 2, (R)).
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Definition2.7[7] Let P,Q € R, then

I POQ=PB(OQ)

il P®BB =P+ Q + u(r)PQ
. —-P

il. OP= TET

Lemma2.2: [6] if z € PC,, (T, R*) satisfies the inequality condition. Then
t

z(t) =a —I—J- P(s)z(s)As + Z Brz(ty), VtET,

a<tp=t

Then
z@)gaI1(1+mkﬂam¢nem

a<tp=t

Lemma2.1[7] If P € R, then
I (ege(t,$))* =O P(t)egp(t,s).

ii. ep(t,s) =1and ep(t,t) = 1.
1

iii. ep(t,s) = oGn — fer (s,1t)
iv. ep(a(t),s) = (1 —l—,u(r)P(t))eP(t, 5).
V. ep(t,s)ep(s, v) = ep(t,r).

Definition2.6[7] For P € R, the generalized exponential function on T is defined as
t

ep(t,s) = exp (J- f#[t}(P(r))ﬂr), t,s €T,
’ Log(14+u(T)P,

] 0.
Where &, (P(7)) = [ p(r) if plo) = is a cylinder transformation.
P if u(r) =0.

Equivalent to the system (2.1), consider the following linear Volterra integro-dynamical

matrix Sylvester without impulsive:
t

A —

z(ﬂ—P@ﬂﬂ+LG&ﬂﬂﬂm, tel 02
z(tg) = zg

An n?xn? matrix is defined to be a real-valued function of @(t, s)and it is denoted by

O(t,s) = [z,1(¢,5), z2(t,5), ..., 2,2(2,8),],

where z,(t,s),k = 1,2,3,...,n? are n*linearly independent solution of the system (2.2). the

principal matrix @(t, s) is known as the transition matrix if @(¢t,0) =1I,z,,z att =0. If

z(t) = 0(t, 0)z, is a unique solution of the system (2.2).

Lemmaz2.3: Let @(t, s) be the transition matrix of the system (2.2), then

1. @(t,v) = 0(t,s)0 (r,s), 07 1(t, 1) = O(1, t);

2. 9%(t,5) = P(B(t,5) + [, G(t, DOz, 5)AT;
. B(t,s) = —@(t. U(S))P(S) — f;{s} G(t,o(1))0(7, s)AT.

CONTROLLABILITY
3.1. Controllability of linear impulsive system
We consider non-linear system (2.1) to linear impulsive system, we have
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z(t}) = [I, @ R lz(ty), tE(ty, silr.k=1.2,3,.., m, (3.1)
Z(tﬂ) - Z{J.
Definition 3.1 A function z € PC (I, R™") is known as the solution of the system (3.1) is z(t)
satisfies z(ty) = zo,2z(t7) = [I, ® Rilz(t), V tE(ty, selr-k=1,2.3, ..., m, and
t

z(t) = 0(t, 0)z, —I-J- B(t,0(0))Q@UAT,Vt€[0,t,]r. (3.2)
0
z(t) = 0(t, sg)lly @ Ry]z(ty)
-I—f 0(t,0(0))Q(@U)AT, VtE (sg, tesylr-k=1,2.3,..,m, (3.3)

5K
Remarks 3.1[19] it is apparent that if there is no impulsive condition, thus, the system (3.1),
we have

t
{zﬂ(t) =P(t)z(t) + Q()U(t) + L G(t,s)z(s)As, t €1, (3.4)

Z(tg) = Zq,
and the solution of the system (3.4) is

t
z(t) = 0(t, 0)z, -I—[ @(E.U(s))Q(s)ﬁ(s)ﬂs.
0

The controllability results for (3.4).

Definition 3.2. The linear system (3.4) is called controllable on [¢,, T] if for every
zo,zr € R™,3 a piecewise rd-continuous input signal T(.):[0,T] — R" such that the
corresponding solution of (2.1) satisfies z(t,) = zy and z(T) = z;.

Definition 3.3. The matrix Sylvester impulsive system (3.1) is called controllable on [0, T] if
for k=1, 2, ..., m, it is controllable on [0, t;]t and [s, t;+1]T.

The corresponding Grammian matrices:

ty
Wo(0, 1) = f 0(t1,0(0))Q@Q* @O (t1,0(x) At (3.5)
1]

{zﬂ(t) =P()z(t) + Q()U(t) + jﬂtG(t, s)z(s)As, t EUL, (sg,trsilT,

thta
W (i trny) = f B(tes1, 9(0)Q@Q* D0 (xs1, 0(D)AT k = 1,2, .., m (3.6)
Sk

Where Q* denotes the transpose of the matrix Q.

Lemma 3.1 The linear matrix Sylvester impulsive system (3.1) is controllable on[0, t, ]y, if
and if the matrix 1%, (0, t,) given by the system (3.6) is invertible.

Proof: we suppose that the matrix 1, (0,t,) is invertible. Thus, we can define the input

control U(t) as

U =Q* (T)Qj*(fl-ﬂ('f))wg_l(o- fl)(ztl - 9&1-0)30)-'5" t € [0,t]r (3.7)
Now, put t = t4, in the solution (3.2) of the system (3.1), we get

ty
2(t1) = 0(t1,0)70 + f 0(ty,0(0))Q(@) U(2) At
4]

ty
= @(t4,0)z, —I-J- @(tl,a(r))Q(r) Q“’(r)@“’(tl,a(r))wﬂ_l(ﬂ,tl)(ztl — @(tl,ﬂ)zg) AT
0

= B(ty,0)z0 + Wy (0,t)W5(0,t,)(z;, — B(t1,0)z0)
= Zt,,
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Hence, input control (3.13) is right for t € [0,t,]y, Therefore, the linear matrix Sylvester
impulsive system (3.1) is controllable on [0, t;]7.
Conversely, we suppose that the system (3.1) is controllable on [0, t;]r. Now, we suppose

that the 1, (0, t,) is not invertible matrix. Since, there exists a non-zero vector z, € R™
such that

z, Wy (0,t,)z, = 0.

Now, put the value of 17, (0, t,), in the above system, we have

t
[ 2" 0(t1,0(1))Q (@) Q* (D)D" (t1,0(7) )z, AT = 0.
0

Therefor,
za*@(tl,a('{))Q(r) = 0,7 € [0, t,]7. (3.8)
Since, the system (3.1) is controllable on [0, ¢, ], so if we can indicate
zo = 0(0, fl)(za + Ztl)-
Thus, there exists a piecewise rd-continuous input control T (. ) such that

t
zp, = 0(t,,0) (@(U.fl)(za +Zt1)) + J- @(fl.ﬁ(f))Q(T) U(7) A,
0

Which gives z,"z, = 0. Thus, it is contradiction z, = 0, and, hence, the matrix 1, (0,t,) is
invertible.

Lemma 3.2 The linear matrix Sylvester impulsive system (3.1) is controllable on
[sp, tperlT. k=1,2,...,m, with tmey =T if and only if the matrices
W, (sg, tis1), k = 1,2, ..., m given by (3.7) are invertible.

Proof: Since, the matrices W, (s;,,t;+1) are invertible, then we can define the input control
U(t) as

U = Q*(I)@*(tk+l- U(T))Wk_l(sk- tr+1) (Zt;ﬁﬂ — O(tgs1, 5 ® Rk]z(tk))-

‘D"t - (S.E(' tk+1]T' k - 1,2, ey 1ML, (39)
Now, put t = t,44,in the solution (3.3) of the system (3.1), we have

th+1
Z(tes1) = O(ts1, i) 1 @ Rilz(ty) +[ @(fkﬂ-ﬂ(f))Q(T) U(r) At
Sk
= Ot s Iy ®tRk]Z(f:;)
k+1
+ [ B(tr41,0(0)Q@D) Q (DB (trs 1, (D)W, ™ (5, tiet1)
Sk
X (Zt;m — O(t+1, s @ Rk]Z(fsz)) At
= O(tes1, s, ® Ri]z(ty)
+ Wy (Sk, tres D Wy (Sk tesr) (Zt;(ﬂ — O(ts1, )l ® Rk]z(fk))
= Zt
Ther;éfore, control input (3.9) is right for t € (s, t;+1]7. Hence, the linear matrix Sylvester
impulsive system (3.1) is controllable on (s, tx+1]7-

Conversely, we suppose that the system (3.1) is controllable on [s;, t;..1]t. then, we suppose
that for k=1, 2, ..., m, the matrix W, (s, tx+,) are not invertible. Therefore, there exist a

non-zero vectors z, € R""k = 1,2, ..., m, such that
Zoy Wi (Sg, tre+1)Za;, = 0.
Now, put the value of W, (s, t,.+1), in the above equation, we have
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thta
[ 24, 0(t,,0(0))Q([@) Q* (D)D" (t1,0(7)) 2y AT = 0,
Sk

Therefore,
Zo O(tys1,0(1))Q(1) =0, 7E (sp,tpsqlr, k=12, ..,m (3.10)
Since, the system (3.1) is complete controllable on [s,, t;.+ ], SO if we can indicate
[In ® Rk]Z(tk) = @(5:{- tk+1)(zak + za;,:_,_l)
in [sg, tesqlT, k = 1,2, ..., then there exists piecewise rd-continuous input control U(.) such
that

th+1
Zagry = D(tiy1, Si) (Qj(gk-tk+1)(zak + Zak+1)) + [ Gj(tk+1- U(T))Q(T) U(1)At,

Sk
Which gives z;, z,, = 0,k = 1,2,...,m Hence it is contradicts z,, # 0,k = 1,2,...,m, and

therefore, the matrices W, (s, ty+1) are invertible.

3.2 Controllability of non-linear impulsive system

Definition 3.4 A function z(t) € PC(I, R"") is known as the solution of the system (2.1) is
z(t) satisfies z(ty) = zp,2(tf) = [I, ® Ri]z(ty), t=ti.k=1,2,...,m; and z(t) is the
solution of

z(t) = 0(t,0)zo + f; o(t,o(1)) (H(r, x(1) + Q () ﬁ(r)) AT,V t € [0, to]T. (3.11)
t
2(0) = 006,500 ® Rile(e) + | 0(6,0) (Hx(0) +0@IM) ar,

Sk
Yte (5;{, tk-l-l]T' k= 1,2, ey TN (312)
we need the following conditions.

(C1): The non -linear function H:J; X R™ — R", J; =U™ (s, tx+1]7 iS continuous and
3 a ve constant such that

IH(t 2) —HE, Il < Myllz—yl,  Vz,y € RY,t € ;.

Also, 3 a @Bve constant L such that ||H(t,z)|| < Ly, Vt€J;and z € R™.

. e function Gr:dy X — are continuous and 3 a Ve constant suc a
C2): The funct I, x R" - R" t d fa) tant such that
Lgk,k = 1,2, ...; such that

(11 ® Ridz(2:)) — (11 @ Rily(2:)))|| = My, N1z Il
Vz,y ERV,t €I, k=12, ..;
Also, 3 a @ve constant L, such that ||([Z, ® Ri]z(t,))|| = L,, vVt € I,and z € R™.

(C3): The linear system is controllable on [0, T]. Also, 3 a positive constant &, §;, such that
Wy (0, t )l = 8o, Wy (53, tres )l = 651
Lemma 3.3 If all the condition (C1) -(C3) are satisfied, then the control input

ty
ut) =Q° (T)Q*(fl-ﬂ(’f))w{;_l(o- t1) lztl — 0(t;,0)zo— | O(ty,0(0)H(T, 2(1))AT|,
0
Vit €0 tylr (3.13)
Transfer the system (3.11) from z, to z, at the time t,. and, also, the estimate for the control
input U(t) is M3, where
MY = LoM&o(||z, || + Lllzoll + LLyT).

Proof. The proof of this lemma is the significance of lemma 3.1. Hence, we misplaced.
Lemma 3.4 If all the condition (C1) -(C3) are satisfied, then the control input

4881



International Journal of Aquatic Science Ijﬂ‘g
ISSN: 2008-8019

Vol 12, Issue 02, 2021

U(t) = Q" (0" (tis1, o (D) )Wy * (s, ties1) [Ztkﬂ — O(trs 1, SK)ln @ Rilz(ty)

thta
- O(tyyq,, o(DH(x, z(r))ﬂrl,
Sk
Yte (Sk-t,i(+1]'1'-k = 1,2-,...,”1, (314)
Transfer the system (3.8) from z, to z, at the time t,,, where t,,,; = T Also, the estimate

for the control input U(t) is M}, where
M} = max (LoL8, (|24, || + LLg + LLT)).

l=k=m

Proof. The proof of this lemma is the significance of lemma 3.2. Hence, we misplaced.
Theorem 3.1 If all the condition (C1) -(C3) are satisfied, then the control system (2.1) is
controllable provided

13128 M, Te (T,Cl)
( Qg H ™ )c:l.

max
O0=j=1

0

Proof. Let Consider a subset B’ © PC such that

B ={z € PC(I,R™): ||z|lpc = B'}.

Where

B = nlax(L,.[.g + (LLy + LLoLY)T, Llizoll + (LLy + LLoLY)T, Ly).
Now, we define the operator G': B’ — B’given by

(G' D@ = B(t,0)z0 + [, B(t, (D)) (H(r,z(r)) +QMU(D)) A, Vit € [0,5]r- (3.15)
(G'2)(t) = g (t. D(tx, sk-1)Un ® Rilz(ty_ ;)

ik
+ [ B(ty o(1)) (H(r,z(r)) + Q(1) ﬁ(r)) ﬂr,)
o Vi€ (sptelnk=12..,m (3.16)
t
G'D® =050l ® Rz + [ 0(6,0() (H(r.2) +0@I®) v,
Sk

VteE (S,E(-tk+1]':['-k = 1,2, ] (31?)
We want to show that G': B" — B".Now, for t € (sy, tp+1]T. kK = 1,2, .., and z € B’, we get

1(G'2) I = |I®(tt. sl & Rylz(t) |l .
+ [ ool z)lac+ | loGo@)le@Nlow]ar
Sp Sk

< LLy+ LLy(t — si) + LLoL5(t — s3).
Hence,

1(G'2)(®)lpe = LLy + (LLy + LLoL})T. (3.18)
Now, for t € [0, tq]T and z € B’, we get

1G"2) @1 = 19, 0)lllizo | )
+ [ o)l zo)lar+ [ o(o@)lle@ilim]ar
0 0

< Lllzol + LLyt + LLyLL.
Hence,

1G'2)Olpc = Lllzoll + (LLy + LLoLE)T. (3.19)
Similarly, for t € (s, tys1]T and z € B’, we get
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1G" 2@ = L. (3.20)
After brief the above inequalities (3.18) -(3.20), we have

1(G"2)(D]l = B".
Therefore, G":B" — B'. for z,x € B',t € (sy, txs1lm k = 1,2,...,m, we get

1(G"2)(®) — (G"x) (D)l
= ||‘;§'(f s I, @ Rilz(ty) — I, @ R lx(t,)ll

+ [ I0(o@) (e 20) - H(xx@) e
Sk

t
+LH@ .

X [H@(tk+1-5k)” 1[I, & Rilz(ty) — [I, @ Ry lx () |l

Gj*(t.fﬁl- U(T))” Wi (s, ties )l

thta
+ f 1D (tx+1, 0 (s)IIIH(s,2z(s) — H(s,x(s) IIﬁSl At

Sk

< LMy, |lz(t;) — x()l + LMy f lz(r) — x(©)llAT

thta
+ 312 51[ [ z(te) — x ()| -I—MHJ- lz(s) —x(s)||£:sl At

Sk
LMyeq(t, si)llz — x|l pe

= LMy, eq (ty, sp)llz — x|l pc + 0 + L2156, (t — s5)
Lyllz— ]|
X [Mgkeﬂ(rk.sk)nz —llpc + =5 (ea(tir1,5) — 1|,
Therefore,
(G 2)(®) — (g”‘)(fﬂ;“‘
< |— Tk 272 2 _
oS+ i, 136,T(ea(T,0)] llz = xloc
(3.21)

forz,x € B',t € [0,t,]r, We get
1(G"2)(®) — (Q’x)(tt)ll

E[ H@(t,cr(r))H”H(r,z(r)) —H(r,x(r))”ﬂr

0
t

+[ |0(2, s@)||lIR@ Q" @II||@*(21,6(@) || IIW5 (0, £,
0

ty
X [ 1D (txs1, 0 () II[H(s, 2(s) —H(S-X(S)Hﬂsl At
0

t t
= LMyllz— x|[5¢ jﬂ eq (t,0)AT + LSL%QS{]MHtl lz—x|lpc Jﬂl eq(s,0)As
LMyeqn(t,0)]lz — x|lpc LgL%ggﬂMHfleﬂ(fl-O) lz —xlp¢
< + ,
- . Q Q
Which immediately gives
LMy [P1%6,MyT(eq(T,0))
16" 2)(@) = (G Ollpc < [ PR Iz —xllpc.  (322)

Correspondingly, fort € (s, tgs1]lT, k = 1,2, ..., m, we have
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1G"2) (&) — (G )@l
= My, (H@(fk Se— I @ Ri—1]z(te—1) — [1 @ Ry—q I (1)l
tr
[ 10 )G 20) - # (<)o

et (sg—1, Tl

10k, sk- DU @ Rilz(ti2y) — I, @ Relx(t 2yl

ik
[ 10, oG, 25) - H(S.x(s)llﬂsl m)

Sk—1 b
= (1 + LZL%SIT)LMQR (Mgkeﬂ(tk—l'tk) + MHJ- En(r, tk)ﬂr) ||Z — XHPc.
Sk—1

0 PC

< (1+ L?1%6,T)LM,, (Mgkeﬂ (tr—1,t) +
Therefore,
1@ D® ~ @V @ llse = (1 + 2L 51?")[ P

After Correspondingly the inequalities (3.21) -(3.23), we get
1(G"2)(®) — (') Ol pc = Mgllz — x|l pc.
Where

LMH i

l Iz — xllpc. (3.23)

Q

Therefore, G'is a strict contraction mapping for sufficiently large Q. Hence, the system (2.1)
has a uniquely solution by Banach fixed points theorem.

L’1%6; MyTeq (T, 0)
=j=
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