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Abstract:Inthispaperthenotionofconvexandweaklyconvex(w-

convex)subsetsofapseudoorderedsetisintroducedandseveralcharacterizations are 

proved.It is proved that set of all convex subsets of a pseudo ordered set A forms 

a completelattice. Notion of isomorphism of psosets is introduced and 

characterization for convex isomorphic psosets is obtained.It is proved that 

lattice of all w-convex subsets of a pseudo ordered set A denoted by WCS(A) is 

lower semi modular.Also we have proved that for any two pseudo ordered sets A 

and A
1
, w-convex homomorphism maps atoms of WCS(A)to atoms of WCS(A

1
). 

Concept of path preserving mapping is introduced in a pseudo ordered set and it 

is proved 

thateverymappingofapseudoorderedsetAtoitselfispathpreservingifandonlyifAisac

ycle. 
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1. Introduction 

 

AreflexiveandantisymmetricbinaryrelationÐonasetAiscalledapseudo-orderonAand⟨A,Ð⟩iscalledapseudo-

orderedsetorapsoset.Fora,b∈AifaÐbandaupperbound, thegreatestlowerbound(GLBormeet, 

denotedby∧B), theleastupperbound(LUBorjoin, denotedby 

∨B)aredefinedanalogoustothecorrespondingnotionsinaposet[1].Itisshownin[3]thatanypsosetcanberegar

dedasadigraph(possiblyinfinite)inwhichforanypairofdistinctelementsuandvthereisnodirectedlinebetwee

nuandv or if there is a directed line from u to v, there is no directed line from v to u.  Define a relation 

±B  on a subset B of 

apsoset⟨A,Ð⟩bysettingb±Bb
1
fortwoelementsbandb

1
ofBifandonlyifthereisadirectedpathinBfrombtob

1
sayb=b0

Ðb1Ð··· Ðbn=b
1
forsome 

n≥0.Therelation±Bisdefineddually. 

Ifforeachpairofelementsbandb
1
ofBatleastoneoftherelationsb±Bb

1
orb

1
±Bbholds,thenB  

willbecalledapseudochainorap-chain.Ifforeachpair 

ofelementsbandb
1
ofBboththerelationsb±Bb

1
andb

1
±Bbhold,thenBwill be called a cycle. 

The empty set and a single element set in a psoset are cycles.  A non-trivial cycle contains at least 

threeelements.Apsosetissaidtobeacyclicifitdoesnotcontainanynon-trivialcycle. 

 

2. ConvexSubsetsofaPsoset 

 

Definition2.1.AsubsetSofapseudoorderedsetAissaidtobeaconvexsubsetofAwhenevera,b∈Sandc∈As

uchthataÐcÐbthenc∈S.SetofallconvexsubsetsofapsosetAisdenotedbyCS(A).Clearlytheemp

tysetφandthepsosetAareconvexsubsets.AnysingletonisaconvexsubsetofA.Obviously⟨CS(A),⊆⟩i
saposetwhere⊆isthesetinclusionrelationdefinedonS.ForK1,K2∈CS(A),defineK1∧K2=K1∩ 

K2andK1∨K2=smallestconvexsubsetofAcontainingK1∪K2.Then 
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⟨CS(A), ⊆⟩is a complete lattice with smallest element φ and greatest element A. The lattice 

⟨CS(A), ⊆⟩is atomistic. 

OneelementsubsetsofAareatomsofCS(A)andeachelementofCS(A)differentfrom 

φisajoinofsomeatoms. 

Example 2.2. Consider the psoset ⟨A,Ð⟩represented in Figure 1. 

CS(A)={φ,{a},{b},{c},{d},{a,b},{b,c,d},A} and 

⟨CS(A),⊆⟩isalatticewhichisrepresentedinFigure2WhereP=φ,Q= {a},R= {b},S= {c},T= {d},U= 

{a,b},V = 

{b,c,d}andW=A. 

 

d W 

 

 

 

b c 
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a P 

 

Figure1: Figure2: 

 

 

 

Remark2.3.⟨CS(A),⊆⟩ofFigure2isanonmodularlattice.ButCS(A)isbothlowersemimodularand

upper 

semimodular. 

Definition 2.4. Let {Xi : i ∈I} be an arbitrary collection of subsets of a pseudo ordered 

set A. The set of all Z ∈CS(A)such that Xi ⊂Z for each i ∈I will be denoted by CSA(Xi : 

i ∈I). If {Xi : i ∈I} = {X, Y }, we denote CSA(Xi : i ∈I) 

=CSA(X,Y)andforX={a}andY={b},wedenoteitbyCSA(a,b). 

Definition2.5.LetAbeanypsosetandM⊆A.  LetCSA(M)=∩{Ki:i∈I}whereKi 

runsoverallconvexsubsetsof 

AcontainingM.WewriteCSA(a,b)forCSA({a,b}). 

 

Definition 2.6.We say that two psosets A and A
1
are convex isomorphic if and only if ⟨CS(A), 

⊆⟩and ⟨CS(A
1
), ⊆⟩areisomorphic.Let F be a mapping from A into B and φ /= C 

⊆A.Denote by F/C, the restriction of F onto the subset C.  That is F/C 

=F∩(C×B).AlloneelementsubsetsofAareatomsinthelattice⟨CS(A),⊆⟩.IfFisanisomorphismbetw

een⟨CS(A),⊆⟩and ⟨CS(A
1
), ⊆⟩, then as every isomorphism of atomic lattices maps atoms onto 

atoms,  we get F ({a}) = {a
1
} ∈CS(A

1
)wherea

1∈A
1
. 

Definition2.7.LetFbeanisomorphismoflattices⟨CS(A),⊆⟩and⟨CS(A
1
),⊆⟩.Letfbeamappingfrom

AtoA
1
suchthat{f(a)}=F({a})foreacha∈A.Thenwesaythatthemappingfisassociatedwiththei

somorphismF. 

U V 

R S T 
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Denotef(S)={f(x)|x∈S}forasubsetSofA. 

 

Lemma2.8.F(S)=f(S)foranyS∈CS(A). 

Proof. Ifa∈S then{a}⊆S andF({a})={f(a)}⊆F(S)asF isanisomorphism. Thenf(a)∈F(S)andthus 

f(S)⊆F(S).Conversely,ifa
1∈F(S)then{a

1
} ⊆F(S)andF

−1
({a

1
})={f

−1
(a

1
)} ⊆S asF

−1
is 

alsoanisomorphism. Thenf
−1

(a
1
)∈Sanda

1∈f(S)sothatF(S)⊆f(S)provingthatF(S)=f(S). 

Theorem2.9.LetfbeassociatedwithanisomorphismFofthelattices⟨CS(A),⊆⟩and⟨CS(A
1
),⊆⟩.Then 

f(CSA(M))=CSA1(f(M))foranysubsetM⊆A. 

Proof. AsM⊆ CSA(M ), we have f (M ) ⊆f (CSA(M )).  Now, by lemma 2.8 f (    CSA(M 

)) = F (   CSA(M ))∈CS(A
1
)andthereforeCSA1(f(M))⊆f(CSA(M)).Onthe other 

hand,letZ∈CS(A
1
)be such thatf(M)⊆Z.Since Fis surjective, 

thereexistsW ∈CS(A)withF(W)=f(W)=Z. ItfollowsthatM ⊆W andtherefore
T

CSA(M)⊆W, 

consequentlyf(
T

CSA(M))⊆Zandf(CSA(M))⊆CSA1(f(M)). 

 

 

 

 

Theorem 

2.10.ThefollowingthreeconditionsareequivalentfortwopsosetsAa

ndA
1
.(i).ThepsosetsAandA

1
areconvexisomorphic. 

(ii). Thereexistsabijectionf:A−→A
1
suchthatf(CSA(M))=CSA1(f(M))forM⊆A. 

(iii). Thereexistsabijectionf:A−→A
1
suchthatf(CSA((a,b)))=CSA1((f(a),f(b)))foreacha,b∈A. 

Proof. (i)⇒(ii):followsfromTheorem2.9. 

(ii) ⇒(iii):Follows directly. 

(iii) ⇒(i):Let f be a bijection satisfying (iii).  Denote by P (A) the power set of A and define a 

mapping F  : P (A) → P (A
1
)suchthatF(S)=f(S)foreachS∈P(A). 

Now,weprovethatforanyconvexsetS,itsimageF(S)isalsoconvex. Clearlyf (a), f (b) ∈f (S) = F 

(S) for each a, b ∈S. If S ∈CS(A) then CSA(a, b) ⊆S for arbitrary a, b ∈S and so by (iii), 

we haveCSA1 (f (a), f (b)) = f (CSA(a, b)) ⊆f (S) = F (S).This implies that the mapping F 

maps convex subsets of A onto convexsubsetsofA
1
andFisabijectionasfisabijection. 

ThereforetherestrictionofthemappingF/CS(A):CS(A)−→CS(A
1
)isalsoabijection.SinceS⊆Tifan

donlyifF(S)⊆F(T)foreachS,T 

∈CS(A),themappingF/CS(A)isanisomorphismoflattices⟨CS(A),⊆⟩and⟨CS(A
1
),⊆⟩.Thereforepso

setsAandA
1
areconvexisomorphic. 

 

3. w-convexSubsetsofaPsoset 

 

Definition3.1.AsubsetSofapsosetAissaidtobeaw-convexsubset(weaklyconvexsubset)ofAwhenevera,b∈Sand 

c ∈Asuchthata±Ac ±Abthenc ∈S. 
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d 
A 

{b} 
c 

1 2 2 

Setofallw-convexsubsetsofapsosetAisdenotedbyWCS(A)anditformsalatticewithrespecttotherelation⊆. 

 

Remark3.2. 

 

(1). ForH1,H2∈WCS(A),defineH1∧H2=H1∩H2andH1∨H2=thesmallestw-

convexsubsetofAcontainingH1∪H2.(2).⟨WCS(A),⊆⟩isacompletelatticeasϕistheleastelementan

dAisthegreatestelementofWCS(A). 

Example3.3.Apsoset⟨A,Ð⟩whereA={a,b,c,d}andthelatticeofallitsw-convexsubsetsareshowninFigure3. 

 

 

 

 

{a,c,d} 

b 

 

 

 

ø 
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Figure3: 

 

 

 

Definition3.4.LetSbeasubsetofapsosetA.Thew-

convexhullofSdenotedbywch(S)isdefinedtobethesmallestw-convexsubsetofAcontainingS. 

Theorem3.5.LetSbeasubsetofapsosetA. Thenwch(S)={q∈A|p1±Aq±Ap2forsomep1,p2∈S}wherep1,p2 

neednot bedistinct. 

 

Proof. LetQ={q∈A|p1±Aq±Ap2forsomep1,p2∈S}.ClearlyQisasubsetofanyw-

convexsubsetofAcontaining 

S.ThenQ⊆wch(S).LetusprovethatQitselfisaw-convexsubsetofA.Letq1,q2∈Qsuchthatq1±A  

r±Aq2forsome 

r∈A. Nowq1∈Qimpliesthereexistsomep1,p2∈Ssuchthatp1±A q1±A p2. Alsoq2∈Qimpliesthereexistp
1
,p

1∈S 

12 

 

suchthatp
1
±Aq2±Ap

1
.Thenp1±Aq1±Ar±Aq2±Ap

1
whichimpliesr∈Q. 

ThereforeQ=wch(S). 

Corollary3.6.ForanyelementainacycleC,wch({a})=C.AlatticeLissaidtobelowersemimodularifx

∨ycovers 

xandyimplyxandycoverx∧y. 

Theorem 3.7.Latticeofallw-convexsubsetsofapsosetAislowersemimodular. 

 

Proof. LetS1,S2∈WCS(A),latticeofallw-convexsubsetsofapsosetA. LetP=S1∨S2andQ=S1∧S2. LetP 

coverbothS1andS2.  ItsufficestoprovethatS1coversQ.  Supposethereexistsaw-convexsubsetS
1
ofAsuchthat 
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Q⊆S
1⊆S1.Lets0∈S

1
−Q.Thens0∈S1ands0∈/S2.Lets1∈S1−S

1
.Thens1∈S1,s1∈/S2ands1,s0.  

Now  

S2 ⊂S2 ∪ {s0} ⊂P ,  as P  is the smallest w-convex subset of  A containing  S1 ∪S2.  But P  

covers S2 imply S2 ∪ {s0}  is notaw-

convexsubsetofA.Thereforethereexistsapathbetweens0andanelementk0∈S2whichdoesnotliecomple

telyinS2∪{s0}.Assumethepathintheformk0±As0.(similarargumentholdsifthepathisoftheforms0

±Ak0). 

LetX={s∈S
1
−Q|k±Asforsome 

k∈S2}.Xisnonemptyass0∈XandS2⊂S2∪X.Furtherass1∈/X(infact 

s1∈/S
1
),wehaveS2∪X⊂P.AsPcoversS2,S2∪X∈/WCS(A).Thereforethereexistsapathm±Anbet

weentwo 

elementsm,nofS2∪XwhichisnotcontainedinS2∪X.Thisimpliesm±At±Anbutt∈/S2∪X.Wecana

ssumethat t∈PasS2∪Xisnotaw-

convexsubsetofP.Inthefollowingcaseseitherwegetacontradictiontothew-

convexityofS2orS
1
itselfisnotw-convex,provingS1coversQ. 

Case(1):Letm,n∈S2. Thisisacontradictiontothew-convexityofS2. 

Case(2):Letm∈Xandn∈S2.Asm∈X,m∈/S2.Bythe 

definitionofXthereexistsak∈S2suchthatk±Am. 

Thusk±Amandm±At±Animplyk±At±An,whichcontradictsthew-convexityofS2. 

Case(3):Letm, n ∈X.Asm ∈X,thereexists  a  path  k  ±A  m  for  some  k  ∈S2. But  we  have  a  

path  m ±A  t  

whichimpliesthereisapathk±At.Butt∈/X,iet∈/S1
−Q.Sincet∈/S2,itcannotbeinQ.Sot∈/S1

.Butm,n∈
X⊆S

1
showsthatS

1
isnotaw-convexsubsetofA. 

Case(4):Letm∈S2andn∈X.Aswehaveapathfromm±At,t∈/X=S
1
−Qandsincet∈/S2implyt∈/S1

.NowP 

 

coversS2andt∈/S2,wemusthavewch(S2∪{t})=P.ThuseveryelementofPisinS2orelseliesonsomepa

thbetween 

tandanelementofS2.Inparticularconsidersomes0∈X,wehavek0±As0andt±An.Ifk±As0±Atwherek

∈S2,then we have s0 ±At ±An which proves that S
1
 is not w-convex.On the other hand if t 

±As0 ±Ak then k0 ±As0 ±Ak,contradictingthew-convexityofS2. 

Theorem3.8.IfScoversS
1
inWCS(A)andp,qbelongtoS−S

1
thenwch({p})=wch({q}). 

Proof.   

AsScoversS
1
,wch(S

1∪{p})=wch(S
1∪{q})=S.Thenpliesinapathfromqtorwherer∈S

1
andqliesinap

athfromptoswheres∈S
1
.Ifthereexistpathsp±Aqandq±Apthentheproofisdone.Butifbothpaths

havethesamedirectionsayp±Aq,wehavepathsp±Arands±Apwithr,s∈S
1
,contradictingthew-

convexityofS
1
. 

Definition  3.9.  Let ⟨A, Ð⟩and A
1
, Ð1be any two psosets.  A mapping f  : 

A −→ A
1
is called(1).orderpreservingiffora,b∈A,aÐbimpliesf(a)Ð1f(b). 

(2). pathpreservingiffora,b∈A,a±Abimpliesf(a)±A1f(b). 

 

Remark 3.10.Any order preserving mapping f is path preserving.  The converse is not 

true.  For example, in the psosetA of Figure 4, define a mapping f: A −→ A by f (a) = b, f (b) 

= a, f (c) = c.Clearly f  is path preserving but not orderpreserving. 



660  

c y 

c 

 

 

 

 

 

 

 

a b 

 

Figure4: 

 

 

 

Theorem3.11.EverymappingofapsosetAtoitselfispathpreservingifandonlyifAisacycle. 

 

Proof. IfAisacycle,thenforanytwoelementsa,bofA,botha±A bandb±A ahold. ThereforeeverymappingofA 

toitselfispathpreserving.Conversely,letusassumethatAisnotacycle.Thenthereexistsatleastonepairofeleme

nts 

say(a,b)inAsuchthata±A bholdsbutb±A adoesnothold.  

Definef:A−→Abyf(b)=aandf(c)=bforallc

 b

.Thenfisnotpathpreservingasa±Abbutf(a)±Af(b)doesnothold. 

Onecaneasilyprovethefollowingtheorem. 

 

Theorem3.12.Letf:A−→A
1
bepathpreserving.  IfSisaw-convexsubsetinAthenf(S)isaw-convexsubsetinA

1
. 

Definition3.13.Let⟨A,Ð⟩andA
1
,Ð1beanytwopsosets.Amappingf:A→A

1
iscalledahomomor

phismif(1).fisorderpreserving. 

(2).a
1
Ð1b

1
inA

1
impliesthereexistsa∈f

−1
(a

1
)andb∈f

−1
(b

1
)suchthataÐb. 

Theorem3.14.Letf:A→A
1
beahomomorphism.IfS

1
isaw-convexsubsetofA

1
thenf

−1
(S

1
)isaw-

convexsubsetofA. 

Proof.Leta,b∈f
−1

(S
1
)suchthata±Ac±Abforsomec∈A.Ifc∈/f−1

(S
1
)thenf(c)∈/S1

.Nowf(a)±A1f(c)±A1 

f(b)andf(c)∈/S1
,acontradictiontothew-convexityofS

1
.Hencec∈f

−1
(S

1
)andf

−1
(S

1
)isw-convex. 

Remark3.15.Iff:A−→A
1
isahomomorphismbetweentwopsosetsAandA

1
andifS  isaw-

convexsubsetofAthenf(S)neednotbeaw-

convexsubsetofA
1
.For,inFigure5defineamapf:A−→A

1
byf(a)=w,f(b)=y,f(c)=x,f(d)=z.Clearlyfis

ahomomorphism.Observethat{b}isw-convexinAwhereasf({b})={y}isnotw-convexinA
1
. 

 

d w 

 

 

b z 
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Figure5: 

 

 

 

Definition3.16.AhomomorphismbetweentwopsosetsAandA
1
iscalledaw-

convexhomomorphismifittakesw-convexsubsetsofAontow-convexsubsetsofA
1
. 

AnelementaofalatticeLissaidtobeanatomifforanyb∈L,0≤b≤aimplyeitherb=0orb=awhere0istheleast

elementofL. 

Remark3.17. 

 

(1). AcycleinapsosetAisalwaysanatomofWCS(A) 

 

(2). w-convexhullofasingleelementinapsosetAisanatominWCS(A). 

 

 

Theorem 3.18. Let  f :A→A
1
be  a w-convex  homomorphism. If S is  an atom  in WCS(A)  then  f(S) is  

an  atom in 

WCS(A
1
).ConverselyifS

1
isanatominWCS(A

1
)thenthereexistsanatomSinWCS(A)suchthatf(S)=S

1
. 

 

Proof. Iff(S)isnotanatominWCS(A
1
)thenthereexistsaw-

convexsubsetS
1
inWCS(A

1
)suchthatϕ⊂S

1⊂f(S).But then ϕ ⊂f 
−1

(S
1
) ∩ S ⊂S, where f 

−1
(S

1
) ∩ S 

is also a w-convex subset of A, contradicting the fact that S is an 

atom.Conversely,letS
1
beanatominWCS(A

1
)andS⊆f

−1
(S

1
)beanatominWCS(A).Thenϕ⊆f(S)⊆S

1
a

ndsinceS
1
isanatominWCS(A

1
),wehavef(S)=S

1
. 

 

Corollary3.19.Anyw-convexhomomorphismmapsacyclicpsosetsintoacyclicpsosets. 
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