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Abstract: A graph G with p vertices and q edges is said to have an odd super graceful
labeling if there exists an injective function f:V(G) U E(G) - {1,2,3,...,p + q} such that
f(uv) = |f(u) — f(v)|, for all uv € E(G) and all its vertex labels are odd. A graph that
admits an odd super graceful labeling is called an odd super graceful graph. In this paper, we
investigate the odd super gracefulness of some graphs obtained by graph operations such as
identification, carona, vertex duplication and edge duplication.
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1. INTRODUCTION

By a graph we mean a finite undirected graph G (V(G), E(G)) without loops or multiple

edges with p vertices and g edges.
A path on n vertices is denoted by PB,. The complete bipartite graph K, ,, is a star graph.
G O K; is a graph obtained from the graph G by attaching a pendant vertex to each vertex of G.

The graph Tp(”) is a tree formed from n copies of path on p vertices by joining an edge uu'

between every pair of consecutive paths where u is a vertex in it copy of the path and ' is the
corresponding vertex in the (i + 1)** copy of the path. The H-graph H,, is a graph obtained
from two paths u,, uy, ..., u, and vy, v,, ..., v, by adding an edge between un+:1 and vn+1 While

n is odd and ur_, and v» while n is even. The graph P,@K,, is a graph obtained by
2 2

1
identifying the pendant vertex of the path B,, with central vertex of K ,.

Duplicating a vertex v of a graph G produces a new graph G’ by adding a new vertex v’
and join v’ to all the vertices of G adjacent to v. Duplicating of an edge e = uv of a graph G
produces a new graph G' by adding an edge e’ = u'v' suchthat N(u") = N(w) U {v'} — {v} and
N@') = N@w) U {u'} - {u} [9].

The concept of graceful labeling has been introduced by Rosa [7] in 1967. A function f is
a graceful labeling of a graph G with p vertices and g edges if f is an injection from the
vertices of G to the set {0,1,2, ..., q} such that when each edge uv is assigned the label |f(u) —
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f(v)|, the resulting edge labels are distinct. M.A. Perumal et al. have introduced and discussed
about the super graceful labeling of a graph [4, 5, 6]. A bijective function f:V(G) UE(G) -
{1,2,...,p + q} such that f(uv) = |f(u) — f(v)|, for every edge uv € E(G) is said to be a
super graceful labeling. A graph G is called a super graceful graph if it admits a super graceful
labeling.

In [2], R.B. Gnanajothi introduced the concept of odd graceful graphs and she has proved
many results on this newly defined concept. A graph G is said to admit odd graceful labeling if
f:V(G) - {0,1,2,...,2q — 1} is injective and the induced function f*: E(G) - {1,3,5, ...,2q —
1} defined as f*(uv) = |f(w) — f(v)|, for all uv € E(G), is bijective. A graph which admits
odd graceful labeling is called an odd graceful graph. In [2], K.M. Kathiresan has discussed odd
gracefulness of ladders and graphs obtained from them by subdividing each step exactly once. In
[7], C. Sekar has proved that the splitting graph of path B, and the splitting graph of even cycle
C, are odd graceful graphs.

Motivated by these works, we introduce a new type of labeling called odd super graceful
labeling of graphs in [1] and studied for some standard graphs. A graph G is said to have an odd
super graceful labeling if there exists an injective function f:V(G) UE(G) - {1,2,3,...,p + q}
such that f(uv) = |f(u) — f(v)], for all uv € E(G) and all its vertex labels are odd. A graph
that admits an odd super graceful labeling is called an odd super graceful graph. In this paper, we
investigate the odd super gracefulness of some graphs obtained by graph operations such as vertex
identification, carona, vertex duplication and edge duplication.

Theorem 1.1 [1] Any unicycle graph is not an odd super graceful graph.
2. Main Results

Proposition 2.1 Let G be a graph obtained from a path B, on n vertices by attaching a path on
i vertices in each i*" vertex of the path P,,1 < i < n. Then G is an odd super graceful graph.
Proof. Let u;;,1<j <i,1<i<n, be the vertices of i** path P; in G. Then G has @

n?+n-2

vertices and . edges. So |[V(G) VE(G)|=n*+n—1.
Define f:V(G) U E(G) — {1,2,3,...,n* + n — 1} as follows:

Fori1<i<nand 1<j<i,

(-1, . s .
—*J if i and j are odd
- 482
n2+n+1—(lTl)—j, if iis odd and j is even
fu;) =S 2

n2+n—;+j, if iis even and j is odd
2420, s .

\— —Jt 1, if i and j are even.

Fori1<i<nand1<j;<i-1,
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n®+n—i%+i-2j, if iis odd
fuijuije) =4 5 o S
n“+n-—i°—i+2j, if iis even.
For1<i<n-1,
fUigtipgq) =n® +n—i%—i
Then f is an odd super graceful labeling of G.
40 41 36 5 30 35 22 13 12 25

1* ! ' *
I 38 34 24 20 2
39 11 » 33 23
3
32 26 18 4
» 37 ¢ 15 27
7
28 16 6
J ¢ 31 71
9
14 8
L 29

17

19
Figure 1 : An odd super graceful labeling of G when n = 6.

Proposition 2.2 Let ¢ be a graph obtained by identifying the central vertex of a copy of K, with
each pendant vertex of K; 3. Then G is an odd super graceful graph for any n > 1.

Proof. Let u; 1,u;5, ..., u; , bethe pendant verticesand x; be the central vertex of the i*" copy of
Kin 1 <i<3. Let y be the central vertex of K;;. Then G has 3n + 4 vertices and 3n + 3
edges.
Define f:V(G) VE(G) - {1,2,3,...,6n + 7} as follows:

fuj) =2+ (-1 +2j+31<i<3and 1<j<mn,

2n+ 5, i=1
f(xl-)={3, i=2

1, i =3,
fy)=4n+7,

2n+ 2 — 2j, i=1land 1< j< n
f(xl-ui,j)={2n+2+2]', i=2and 1< j< n
n+ 6 + 2j, i=3and 1< j< n
2n + 2, i=1
and f(yx;) ={4n+4, =2
4n + 6, i =3.
Then f is an odd super graceful labeling of G.
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27 25

Figure 2: An odd super graceful labeling of G when n = 4.

Proposition 2.3 For any n > 2,T,(n) is an odd super graceful graph.

Proof. Let u; j,1 <i <n,1<j < p, be the vertices of the i" copy of path on p vertices.

Define f:V(T,(n)) UV E(T,(n)) — {1,2,3, ...,2np — 1} as follows:

Fori1<i<nand 1<j<p,

(—Dp+jJ,
_)2np—(—-Dp—j+1,
fuiy) = 2np —ip +J,

20—-Dp—j+1,
Fori1<i<nand1<j<p-1,
_(2np—2(i—Dp —2j,
f i i jea) = {an —Bi-2)p+2j,
For1<i<n-—1andanyfixed k,1 <k <p,
f(uiguivax) = 2np — 2ip.
Then f is an odd super graceful labeling of T, (n).

if i and j are odd

if iis odd and j is even
if iis even and j is odd
if i and j are even.

if i is odd
if iis even.
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1 41 9 33 17 25
. [ — 9 .
16
46 34 30 18 14 2
40 23
47 -—?- 30 15 31—
8
44 36 28 20 12 4
32 24
1 43 » » » 19 ¢ 27
11 35

42 38 26 22 10 6

. . . . . .
45 3 37 13 29 21

Figure 3: An odd super graceful labeling of T,(6).

Proposition 2.4 For any n > 2, the H-graph H,, is an odd super graceful graph.

[1AS

Proof. Let uy, uy, ..., u, and vy, vy, ..., v, be the vertices on the paths of length n — 1 in H,.

Case (i).n is odd.
Define f:V(H,) U E(H,) = {1,2,3, ...,4n — 1} as follows:
Fu) ={i, 1< i< nandiis odd
t n+1—-i, 1< i< nand i is even,
f(v'):{2n+i, 1< i< nand i is odd
L 2n+1—-i, 1< i< nand i is even,
fuuip)) =4n—-2i,1<i<n-1,
f(vivi+1) = 2l,1 <i<n-1
and f un_+1vn_+1) = 2n.

2

2
Thus f is an odd super graceful labeling of H,,.
Case (ii).n is even.
Define f:V(H,) U E(H,) — {1,2,3, ...,4n — 1} as follows:
Fluy) = i 1< i< nandiis odd
l n+1—-i, 1< i< nand i is even,
f(v_):{n+i, 1< i< nand i is odd
L 3n+1—i, 1< i< nand i is even,

fuuip) =4n—-2i,1<i<n-1,
foiviy) =2n-2i,1<i<n-1
and f (u§+1v§) = 2n.

Thus f is an odd super graceful labeling of H,.
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1 7
[ ] [ ]
1 11
. . 2210
18 2 239 17
194 %0 20 g
16 4 39 9
12
10 18
S R BE 6
14 6 21 ® 15
17 4 ¢ 7 16 4
128 59 P11
[ ] [ 14 5
5 15 B
- L
19 13

Figure 4: An odd super graceful labeling of Hs and Hy.

[1AS

Proposition 2.5 Forany m,n > 1, (P, @K, ,) © K; is an odd super graceful graph.

Proof. Let uq,u,,...,u,, be the vertices of B, and vy, v,,...,v, be the pendant vertices of
K ». P, @K, ,, is obtained by identifying the vertex u,, with the central vertex of K ,. Let x;
and y; be the pendant vertices attached at u; and v; respectively, 1<i<mand 1<j<nin

G = (Ph@Ky,) O Ky
Define f:V(G) VE(G) = {1,2,3,...,4m + 4n — 1} as follows:

2i—1, 1< i< m,iis odd and m is even

Flu) = or i is even and m is odd
VT )dm+4n—-2i+1, 1< i< m, i and m are odd
or i and m are even,

f(x')={4m+4n—2i+1, 1< i< mandiis odd
t 2i — 1, 1< i< mand i is even,
fv)=2m+4i—-31<i<n,
fO)=2m+4n—-4i+31<i<n,
fluix))=4m+4n—-4i+21<i<m,

fuuiy)) =4m+4n—-4i,1<i<m-1,

flupv) =4n—-4i+41<i<n

4n + 6 — 8i, 1< i< [4]

and f(viy;) = o _
4n —6—8(n—1i), H+1s [< n
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Then f is an odd super graceful labeling of G.

31
39 3 35

27

38 34 30 2
23
36 32 28

. L L]
1 37 5

19

15

11

Figure 5: An odd super graceful labeling of (P;@K;5) O K; and (P,@K;¢) O K;.
Corollary 2.6 K, ,, © K; is an odd super graceful graph.
Proof. By taking m = 1 in Proposition 2.5, the result follows.

Proposition 2.7 Let G be a graph obtained from a path B, by identifying a pendant vertex of a
copy of K ,,, at each of its vertices. Then G is an odd super graceful graph for any integer m >
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2 and even integer n > 2.

Proof. Let u; be the central vertex and v; ;, 1 < j < m be the pendant vertices of the i*"copy of
Kim 1 <i<mn inwhich v;,, isidentified with the i** vertex of the path P, in G.
Define f:V(G) VE(G) = {1,2,3,...,2(m + 1)n — 1} as follows:
For 1 <i<n,
m+D(E-1)+1,

flw) = {(m +1)@2n—1i)+1,

Fori<i<nand 1<j<m-1,
_((m+1D)Cn—-i+1)-2j+1,

fij) = {(m +1)(i—-2)+2j+3,

if iis odd
if iis even.

if iis odd
if iis even.
For 1<i<n,
_((m+1D)@2n—i-1)+3,
f Wim) _{(m+1)(i—2)+3,
Fori<i<nand1<j<m-1,
_(2Zm+1)(n—i+1) -2,
f(uivi'f)_{2(m+1)(n—i+1)—2j—2,

if i is odd
if iis even.

if i is odd
if iis even.
For 1 <i<n,
2m+1D(n—1i) + 2,

fQivim) = {Z(m +1D)(n—i+1)—2,

For1<i<n-1,
fWimVis1,m) = 2(m + 1)(n —0).

Thus f is an odd super graceful labeling of G.

if iis odd
if iis even.

37 30 3 20 23 10 13
32 28 12 8
31 11 21
26 24 22 18 16 14 6 4 2
[ ] - r r
39 37 35 5 7 9 29 27 25 15 17 19

Figure 6: An odd super labeling of Gwhenn=4andm=3

Theorem 2.8 Let G be a graph obtained by duplicating any vertex v of B, by a vertex for n >
2. Then G is an odd super graceful graph only when v is a pendant vertex of B,.

Proof. If v is not a pendant vertex of B,, then G is an unicyclic graph and by Theorem 1.1, G is
not an odd super graceful graph.
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Let vy, vy, ..., v, bethe vertices of P, and v,, be the duplicating vertex of v, in G.
Define f:V(G) VE(G) - {1,2,...,2n + 1} as follows:
[ 1< i< nandiis odd
flS iSd(;l and i is even,
, n+2, if niso
fwn) = {n +1, if nis even,
fovi))=2n—-2i+21<i<n-1
and f(vp_1v'y) = 2.
Then f is an odd super graceful labeling of G.

L
f<vi):{2n—i+3,

L]
—
.
[ ]
—
J
[}
-
=]
L ]
[)
[}
(=3
=)
e
¥
[ ]
-
2
[ ]
—
=1
L ]
=]
[}
[=31
I3
.
L]
-1

L
1 15 3 13 5 11 7 1 13 3 115 9

Figure 7: An odd super graceful labeling of G when n =7 and 6.

Theorem 2.9 Let G be any graph obtained by duplicating any edge e of B, by an edge for n >
3. Then G is an odd super graceful graph only when e is a pendant edge of P,.

Proof. If e is not a pendant edge of B,, then G is an unicyclic graph and hence by Theorem 1.1,
G is not an odd super graceful graph.
Let vy, vy, ..., v, bethe vertices of B, and v',,_,v’,, be the duplicating edge of v,,_,v, in G.
Define f:V(G) VE(G) - {1,2,3, ...,2n + 3} as follows:
[ 1< i< nandi is odd
1f§ i < rclldand i is even,
, n+ 2, if niso

fWn-1) = {n + 3, if nis even,

foiviy)) =2n—-2i+41<i<n-1,

f(WnaV'ny) =4

and f(v',,_1v'y) = 2.
Thus f is an odd super graceful labeling of G.

L

Figure 8: An odd super graceful labeling of G for n =6 and 7.
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